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ABSTRACT 

Reported is the development of a self-instructional 
course in engineering statics designev3 for engineering students that 
has been implemented in several institutions. There are 15 unit 
modules in the course divided into three different levels. Each unit 
begins with a description of general objectives. The unit is then 
divided into several subunits each of which has terminal objectives, 
A self--assessment test is given after finishing each subunit. After 
the completion of all subunits in a unit, an achievement test is 
given to assess the student's grasp of the material in the complete 
unit. Only pass/fail grades were given on the achievement test. Final 
letter grades were given on- the basis of the number of units covered 
by each student. The course is aimed at enabling students to learn at 
their own pace. The 15 units included in the course were 
Fundamentals, Equilibrium Diagrams, Equilibrium Analysis, Components 
Superposition Cantilever Beams^ Vector Algebra, Friction, Engineering 
Frames^ Non-Coplaner Systems, Equivalent Systems, Trusses, Properties 
of surfaces. Energy Methods^ Hydrostatics, Beam Diagrams, and Slide 
Rule, Evaluation of the course was favorable, A description of most 
units is included in the report, (PS) 
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ABSTRACT 



For Contract DEC - X - 71 - 0042 (057) 
by Associate Professor D,E, Alexander 

The objective of this project was to design a course where each student 
learns engineering statics using self-paced modular units. This course has 
been constructed and used here at the University of Washington and at some 
nearby community colleges. The course has been organized into a learning 
hierarchy of 14 modules. Each module begins with a behaviorable objective for 
the complete module and is then broken down into units with assessment tasks 
and terminal objectives for each unit. Each student decides when he wants to 
take an achievement test, on each module. When he passes the test (there is no 
grade, only pass or fail for each module, also no time limit in any test) he 
proceeds to the next higher module. Successful achievement tests on 10 modules 
gives a "C" grade, 12 a "B" grade and all 14 an *'A". 

All classroom lectures have been replaced by classroom consulting by the 
instructors. The results of student surveys are included in the body of this 
report. Since this technique has been developed, many other instructors are 
presenting classes in this self-study manner. This quarter I am offering a 
course in digital computation and numerical methods using the same format. 
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Innovative Project in Engineering Statics 

Daniel E. Alexander 

Department of Mechanical Engineering 

1. INTRODUCTION 

The objectiye of this project was to construct a course in which the student 
learns engineering statics using self-instructional units. All of this material 
is to be presented using a three-dimensional approach. This course has been con- 
structed and used for the last four quarters here at the University of Washington 
and one quarter at Everett Community College. 

2. COURSE FORMAT 

A detailed format of the course is enclosed with this report. Some unit:.-- 
are enclosed with this report. 



INSTRUCTORS AND STUDENTS INVOU'ED IN THE COURSE 

Instructors 



Fall Quarter 

Winter Quarter 
Spring Quarter 



M. Ekse, H. Strausser, 
D. Alexander 

H. Chenoweth 

W. Chalk, J. Morrison 
H. Chenoweth, D. Alexander 
W. Zimmem^ at Everett 
Community College 



Sections 
1 



Summer 



D. Alexander 



U. STUDENT PROGRESS 

Records were kept of the time needed for each student to conplete each unit 
and also the time needed to conplete the course. The time needed to finish a unit 
and be prepared for an achievement test on the unit averaged out to be between 4 
and 6 hours. The fastest student finished the course in 3 weeks. Almost all of the 
students finished the course before finals week. The fastest student had an overall 
grade point of 3.93 for two years. The next fastest student took 3 1/5 weeks, his 
overall grade point after 7 quarters is 1.86. The next fastest student needed 6 
weeks to complete the course. During 3 of the H quarters, a girl finished first. The 
slo;^st students have needed 2 quarters to achieve C grades. 



5, GRADES EARNED 



For all 11 sections 



A 
B 
C 
D 
E 

FW 



116 
39 
21 
3 
5 
18 



6. ST:JDENT EVALUATION 

All students were asked to evaluate the course in the Fall quarter. No formal 
evaluations v;ere taken during the other quarters, but spot evaluations were given 
to some students and the evaluations were the saine as during the Fall quarter, 

7, COMMENTS 

Careful notes were kept of feed- back from the students and instructors using the 
units. This feed-back has been used to rebuild most of the units and it was found 
necessary to add a basic unit on the slide rule. Also a teachers manual with a com- 
prehensive set of achievement tests for each unit has been constructed. 

The course has been presented without using formal timed tests. This made it 
inpossible to measure objectively the student achievement in the course vs the 
achievement in the regular courses. However the individual tests given have all^ 
been much more difficult than the tiired conventional tests. The amount of material 
covered in this course has been about 40% greater than in the conventional course. 

It is obvious that all students do not and can not learn at the same rate. Many 
students have to repeat units at the first of the course and some even toward the 
end of the course. The instructors and students all like the idea of keeping a 
student in a unit until he can actually demonstrate that he knows the materieil. ^ 

Other instructors in the college of engineering are new presenting courses in this 
self -instructional manner. EE has at least three courses, ME has one, Chem. E one, 
and the college courses have at least three. All of these instructors have either 
attended one of the Engr. 180 sessions or attended a seminar where I presented the 
course. Everett Community College has adopted our Engr. 180 course for next year. 
Also as a direct insult of a teaching institute that I sponsored in 1971, almost all 
the community colleges, universities, and colleges that teach engineering in the 
northwest have one or more self-instructional courses. 

In opinion many courses will be presented as self- instructional courses in the 
future. The students like them, and the instructors who have been involved like them. 
Some faculty and administrators have told me they cannot justify spending their time on 
this type of educational researchi as against the traditional engineering and scientific 
research. I believe both types of research are needed at the university level. 



ENGINEERING 180 

1. Professors Alexander, Chalk, Chenoweth, and Morrison 

2. Engineering Statics Traditionally an engineering student studies a series of 
courses that leads to an engineering design course, A typical series is shown 
below. 

Engineering-^ Engineering Pynamics Mechanics Material -i*- Engineering Design 
Problems Statics of Materials Science LaL 

The first course is an introduction to engineering analysis and problem solving. 
Engineering statics is concerned with constructing equilibrium diagrams and 
determining the external loads that act on stationary structures. Dynamics 
includes the studies of pure motion and the external loads that act upon members 
that are not at rest. Mechanics of materials begins the study of the internal 
conditions of a body acted upon by external loads. Material science is taught in 
the Department of Metallurgy and is concerned with the internal structures of 
different materials and how materials react to loads, temperature changes, etc. 
In the engineering laboratory course the student tests actual members for 
deflections, failures, etc. Then in the design course the student can draw on 
all of these courses plus math, chemistry, physics, etc. to design actual engi- 
neering structures or members. Each of the courses depends upon the ability of 
the student to visualize and construct good equilibrium diagrams and to find 
the external loads acting upon any member, this is the material learned in 
engineering statics. 

3. The Course A flow chart of the course is drawn on page 2. The course has been 
organized into 14 units at three levels. Each unit has been designed to be 
self-instructional and each student works through each unit at his own pace. 
Each unit begins with an objective for the complete unit. This tells the student 
exactly what is to be learned in the unit. The unit is then broken down into 
learning sub-units with a terminal objective written for each sub-unit. When a 
student decides that he fully understands the terminal objective, he then works 
the self-assessment task written for the learning sub-unit. When he completes 
the task, he checks it with one of the professors. When he has finished a 
complete unit and decides that he is ready to demonstrate his grasp of the mater- 
ial in the unit, he takes an achievement test on the complete unit. When he has 
passed the test (there is no grade, only pass), he can then proceed to the next 



ENGINEEraNG STATICS 



LEVEL 
3 



11 



PROPERTIES OF 
SURFACES 



12 



ENERGY 
METHODS 



(May be taken 
in any order) 



HI 



14 



HYDROSTATICS 



BEAM 
DIAGRAMS 



LEVEL 

2 



if 



FRICTION 



ENGINEERING 
FRAMES 



(May be taken 
in any order) 



Jj 



NON-COPLANER 
SYSTEMS 



EQUIVALENT 
SYSTEMS 



VECTOR ALGEBRA 

I 



COMPONENTS 
SUPERPOSITION 
CANTILEVER BEAMS 



EI 



EQUILIBRIUM ANALYSIS 



LEVEL 1 



EQUILIBRIU'M DIAGRAMS 



fir 



FUNr^^MENTALS 



Course Conduct The professors will be in Room 326 during the following hours: 



9:30 - 10:30 



10:30 - 11:30 



11:30 - 12:30 



Monday 


Chalk 


Chalk 


Tuesday 


Morrison 


Morrison 


Wednesday 


Chalk 


Chenoweth 


Thursday 


Chenoweth 


Chenoweth 


Friday 


Alexander 


Alexander 



Morrison 



The instructors will work with the students on an individual basis to check 
units and give tests. No lectures will be given. Mostly the professors will 
be consultants helping the students in any way. During the first five weeks^ 
of the course, it is important that the students come to Room 326 and work with 
the instructors at least four times per week including one day for testing. 
Achievement tests will be given and graded in Room 32/ only during the course 
hours. 

Achievement Tests Each student will take an individual test on any unit when 
he decides he is ready. All achievement tests will be given in Room 327. All 
the tests will be prepared by Professor Alexander and administered by Professors 
Alexander. Chalk. Chenoweth. and Morrison. There will be no time limit on any 
test all tests will be closed book, and each test will be graded by one of the 
instructors with the student before the student leaves the testing room. Before 
being allowed to take an achievement test on a unit, the student must have one 
of the professors sign the unit. No penalty wi il be given for a non-passed test 
Grades Grades will be given for the number of successful units completed as 
shown below. 



Total Units 
Level 3 

Level 2 

Level 1 

Grade 



5 
E 



1 

5 
D 



8 

3 

5 
C 



10 
2 

3 

5 

B 



12 
3 

4 

5 
A 



Le-e1 1 units must be taken in order. Level 2 and level 3 units can be taken 
in any order except three level 2 units must be completed before taking any 



level 3 units. Also the units must be completed as shown on the following 
schedule: 



Unit 



Fri day 

Thursday 

Wednesday 



March 31 



2 
3 



April 6 

April 12 

April 18 

April ^4 



4 



Tuesday 
Monday 



5 



6 



12 



At least one per week 



If a unit is not completed on time, it will not count toward a grade and the 
student will have to complete an extra unit for his grade. Also a pass must 
be earned for all level 1 units. It is hoped that all students will get ahead of 
the minimum schedule. 

7. Office Hours The four professors will be available in their offices during their 
regular office hours. These times will be announced later. 

8. Study Rooms Room 326 is available for study M W F 1:30-2:30 and T 1:30-3:30. 
Room 327 is available all day every day. 

9. Student Supplies Each student must have a slide rule, some engineering paper, 
two triangles, a protractor, an engineers scale, a mechanical pencil, and a 

2H drafting pencil. 

10. Text The text is "A Self-Learning Course in Engineering Statics" by D.E. Alexander. 
It costs $9.00 and will be given out in units as the student progresses through 
the course. 



D. E. ALEXANDER 



ENGINEERING 180 



Fall 1971 



Student evaluation of self study course designed and constructed by D. E- Alexander 

Seventy-nine (79) students from four classes. 

Two classes by D. E. Alexander 38 students 

Two classes by M. Ekse and H. Strausser 41 students 



You are just now finishing a course in engineering statics where you learned the 
material using self-paced self-study units with written objectives, no lectures, 
and individual non-timed tests. 



1) Did you like the units approach as compared to the 
conventional course: 

2) Do you feel that you knew the material when you 
finished each unit? 

3) Do you like the testing program? 

4) Do you like the grading system? 

5) Do you like the non-lecture consulting type teacher 
relationship? 

6) Would you like to take dynamics using this system? 

7) Would you recommend that Engr* 180 be taught this 
way next quarter? 

8) What grade would you assign the cour^.e compared to 
other freshman and sophomore courses? 



Yes 
79 

79 
78 
79 

79 
79 

79 



A 
76 



No 
0 

0 
1 
0 

0 
0 



B 

3 



Comnents - All good. Typical listed below* 

Best course Tve ever taken. 
Liked it all the way. 
Want more* 
Learn more. 
Good feedback* 

Excellent student-teacher relationship. 
Learned much more'. 
Almost too good. 
Want this to continue. 

This is t^^e first time I have been in a class like this, and it is very refreshing 
to expend. .ce a class with such a free attitude. The learning experience is left 
up to the student. 



lERlC. 



Engineering 180 (Cont.) 



Good change from conventional class structure. 
Less pressureyet you still learn more than normal. 
Superior to conventional course - can work at own speed. 

After the problem set and similar test, you may even over learn it which is better 
for retention. 

Testing program was flexible and often I felt that I learned something instead 
of merely reciting back information. Also, I like to have lots of time. 

Grading system great, unambiguous, you can get what you are willing to work for. 
Liked non-lecture consulting type teacher relationship. Get to talk to professors 
and get questions answered. Normally in a lecture class, you don't know the 
instructor, his goals for the class are unknown and the prof, gives out pearls of 
wisdom which are usually redundant, whereas this course is much more applied and 
less superfluous knowledge, which you don't use anyway. 

It is very complete, step by step approach to the problem solving of statics. I 
feel very grateful to be able to take this course in such a manner. I hope to see 
dynamics taught this way. 

Much less pressure and I've learned more in this course than any conventional course. 
Don't like Prof. Strausser. He talks down like he's too good to teach this low 
level class. 

You learn more this way,only a couple of spots in units hard to understand. Good 
work. Prof. Alexander. 

This course allows for much feedback to the student, letting him know how he stands 

in relation to the course at all times. 

Good— almost too good— takes desire away from other courses. 

Best part of the course was the few minutes the instructor would spend each day 

with the individual student. 

Course excellent. Course makes studying a learning process rather than a competi- 
tive o'ne. I would recommend all science and math courses being taught m the same 

wax — — 



Student- teacher relationship gives more meaning to the class thus stimulating more 
interest in the course. 

This method of teaching a difficult subject matter is very easy to follow, 
informative and interesting. 

I was very impressed with the class in general. At all times I knew exactly where I 
stood. The units were clear and the work was difficult, but interesting. 

Undoubtedly, the best overall course I've taken at the University. 



UNIT 1 
PUNDAMENTALS 



/J" THE END OF UNIT 1, YOU WILL BE ABLE TO VISUALIZE FORCE 
FIELDS ACTING UPON ENGINEERING MEMBERS, CONSTRUCT POIOT 
FORCE RESULTANTS OF THESE FORCE FIELDS, AND DEMONSTRATE 
ADDITION AND RESOLUTION OF POINT FORCES WITH THE PARA- 
LLELOGRAM LAW AND WITH MOMENT EQUATIONS. 



Introduction 

Engineering statics is the study of forces acting upon stationary structures. The 
space surrounding the structures is assumed to have a constant air pressure and tenperature. 
Lengths within the space are measured in feet, and forces are neasured in pounds. 

The action between two members that affects the size, shape or motion of the msmbers 
is called a force. Forces are classified as contact forces (when two nnmbers actually contact 
each other) or as distant forces (when two nembers are attracted to each other by magnetism 
or gravity). In engineering statics only actions between stationary members will be considered. 

The study of forces acting upon engineering members involves four principles which will 
be develo^d: (1) the principle of a force field, (2) the principle of a point force, (3) the 
parallelogram law for the addition of point forces, and (U) the principle of monents. 
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The Principle of a Force Field 

Figure FD 1(a) shows a student's hand vAich has gradually pushed directly against a 
round block attached to a compression scale until the scale reads 12 pounds. A method of 
identifying the action against the student's hand and against the block will be devp loped 
v;hen the scale is he^d at 12 pounds. 




rigurx3 FD 1 



Wherever the student's hand contacts the block, contact forces are built up. It will 
be assumed here that the contact forces are unifonnly distributed over the entire contact 
area and that the intensity of the contact forces is uniform over the entire contact area. 
Tnese contact forces will be represented by arrows acting against the student's palm as 
showi^ in (b). With the assuiiption that the contact forces are uniform in intensity and 
uniformly distributed over the entire contact ar^a, there would be an infinite number of 
arrows, all of the same length. For convenience, only a limited number ar^ drawn. The 
distributed force system acting against the student's palm is called a force field and is 
labeled FF^. ForKre field arrcws are always drawn with half arrwheads, as shown in (b). 
li/hen the spring scale reads 12 pounds, the magnitude of the total force field FF^ is 1? 
pounds. No attempt is made to draw the lengths of the arrows to scale, but with the 
assomption that the contact is uniform, the arrows will all be of the sane lengths in the 
same iirection. 

The action of the student's palm against the block is equal and opposite to the action 
of the block against the st .dent's paljn. Figure FD 1(c) shows forx:e field FF^ acting 
against the block. FF^ is equal and opposite to FF^, with a n^gnitude of 12 pounds. 




FD 



(a) 





(b) 





(0 





Figure FD 2 



(d) 



Figure FD 2(a) shows a student holding a homogeneous cylinder with a weightless cord. 
This tiins the distant attraction of the earth for the cylinder is acting on the cylinder. 
This attraction acts uniformly -^-hroughout the cylinder. It is called gravity and is repre- 
sented by force arrows acting downward as shown in (b). Again, the force would be most 
accurately represented with an infinite number of arrows, but only a limited numbpr can be 
drawn. If the cylinder weighs U pounds, FF^ = U pounds. In (c) FF^ is drawn as a ui^iform 
force field acting on the lower surface of the cylinder. For convenience, gravity force 
fields are usually drawn either on the top or bottom of a rnember. Although it is not shar/n, 
a force field equal and opposite to FF^ will be acting upon the earth. 

In (d) SOTO transverse sections of the supporting cord are shown exposed with their 
acting force fields. It is assumed that each force field is evenly distributed over tne 
exposed surface. Notice that although the nvagnitude of all tho force fields in ( are 
equal, the force fields are not drawn to scale. 



Figure FD 3 
(a) 



(fa) 



In figure FD 3(a) a student is holding an eraser in his hand. The force fields acting 
upon the eraser are to be shown. Usually the object being analyzed is drawn as if it is 
isolated from its surroundings as shown in (b), then the force fields that are acting against 
it are shown. FF^ is the force field due to gravity. FF^ acts as shown in (b) to support 
the eraser. Force field FF^ acting against the hand is equal and opposite to FF^. 




Figure FD 4 

In figure FD 4(a) a unifonn horizontal beam E supports synmstrical loads C ahd D and 
rests on smooth horizontal supports at A .and B. The force fields acting on all the numbers 
are to be constructed. In (b) the members are isolated from each other with their force 
fields shown. Although FF^, which is due to the weight of beam E, acts over the entire beam, 
for convenience only a sn^l cut-out section is shown. It is assumed that all the members 
are rigid; for rigid members the shapes of the contact force fields can be assuned to be 
syinnetrical. The actual shape of the force field depends upon the loading and n^terial in 
contact, but only the sinplest symiBtrical force fields will De used in this presentation. 



AT THIS POINT YOU SHOULD BE ABLE TO VISUALIZE FORCE FIELDS 
ACTING ON SIMPLE ENGINEERING MEMBERS AND BE ABLE TO CON- 
STRUCT THE FORCE FIELDS ON THREE-DIMENSIONAL DRAWINGS. 



FD- 1 



FD 5 

The Principle of e r^oint Force 

Any force acting upon an object is distributed over a contact surface or a volune. 
In this presentation these distributed force systems are called force fields. After 
identifying a forca field acting ipon an object, the force field is sometimes replaced 
by a single point force. 




An exanple of a poirit force replacing a force field is shOATi in figure FD 5. In (a) a 
student is pushing with his palm directly against a smooth surface until the compression 
spring registers m2 pounds. In (b) the student's hand and the scale are redrawn separated 
from each other with their acting force fields shown. Now in (c) each force field is 
replaced by an arrow passing through the center of its field. Each arrow represents a poLnt 
force which has the sams magnitude and direction as the force field it replaced. Each point 
force is called the resultant of its force field, thus the i-^esultant of FF^ is F^ with a 
nugnitude of 12 pounds. Point force arrcws are dr^wn with full arrowheads to distinguish 
them from the force field arrows with the half -arrowheads. 

Since FF^ and FF^ are equal and opposite to each other, it would follow that their 
point force resultants F^ and F^ are also equal and opposite to each other. The placement 
on an object of a point force resultant cannot be an exact placement, since the point force 
is purely irragninajy and abstract. It miust only pass through the center of the force field 
it replaces. 



6 




(b) (c) 

Figure FD 6 

Figure FD 6(a) shows a weight hanging on a cord. The force fields shown in (b) have 
been replaced by their point force resultants in (c). Again, these point force resultants 
pass through the centers of their force fields. F^ passes through a point called the center 
of gravity of the cylinder. 




(b) (c) 

Figure FD 7 



The eraser being held by a student ^s hand in figure FD 7(a) is shown with its force 
fields in (b) and its point force resultants in (c). Try picking up an eraser and feeling 
the point force resultant of the eraser's weight. This should help to show that any point 
force is purely inraginary. 




Figvire FD 8 

l^he syinnetrically loaded engineering structure shown in figure FD 8(a) is redrawn in 
(b) with the force fields shown and in (c) with the point force resultants of these force 
fields. 



NOW IF YOU ARE GIVEN A SIMPLE ENGINEERING STRUCTURE, YOU 

SHOULD BE ABLE TO CONSTRUCT THE FORCE FIELDS ACTING UPON 

THE LNDIVIDUAL MEMBERS AND BE ABLE TO REPLACE THOSE FORCE 

FIELDS BY TliEIR POIOT FORCE RESULTANTS. FD 



g Parallelogram Law for the Addition of Forces pj) 

Figure FD 9 is an isometric drawing of a horizontal stationary ring with four vertical 
holes a, b, c, and d drilled through it. The ring is assumed to be weightless and the 
holes frictionless. Spring scales SI and 82 are attached through holes a and b and 
gradually pulled while rraintaining the ring in its original horizontal position until SI 
reads 20 lbs. S2 also reads 20 lbs and it is found by trial and error that the centerlines 
of Si and S2 must be horizontal and colinear (on the same straight line) or the ring will 
not stay in its original position. Force fields FF^ and FF^ are shown on the drawing with 
their point forces F^ and F^. F^ and F^ are equal, opposite, colinear and horizontal. 




Now an experirrent is to be performed. SI and S2 are to be released, then two other 
spring scales are to be attached through holes c and d. These two scales and Si are to be 
gradually pulled while keeping SI and the ring in their original positions, until SI again 
reads 20 lb. S2 has now been effectively replaced by the new scales. 

It is found by experimantation that the two new scales must always be pulled in the 
same horizontal plane as SI. However, they can be pulled in a variety of directions, and 
for each set of directions will read different magnitudes. One combination is shown in the 
drawing where S3 and S^ replace S2. When S3 and S4 are pulled in the directions shown and 
SI registers 20 lbs, S3 reads 17.4 lbs and SU reads 12.2 lbs, 

FF^ and FF^ are shown in figure FD 9 with their point forces F^ = 17.4 lbs and F^^ = 
12.2 lbs drawn to scale, '^/hen the action lines of point forces F^ and F^ are extended, 
they are found to meet at point 1 on the line of action of F^. Now, if a parallelogram is 
drawn to scale at point 1 with F^ and F^ as its sides, it is found purely from graphical 
measuring that the diagonal of the parallelogram is equal to F^ . In order for the point 



forces to intersect each other in this manner, each one must be tnansmitted calong its iir.e o 
action. This is son^timss called the principle of transmissibility of a point force. ■ 

Since the point forces all act in- the sajie plane, a plan view of part of the ring can 
be dira\'^. to a larger scale in figure FD 10. Notice that the parallelogram for and can 
be drawn two ways. The solution will be the sarns when the arrowheads come together at one 
end of the parallelogram (dotted example) as it is. when the tails meet (shown with solid 
lines ) . 



F3(17.u lb) + FJ12.2 lb) 
F^(79.2 lb) + ^^(7^.7 lb) 



F2(20 lb) 



F^(16.2 ib) * Fg(11.7 lb) = F2(20 lb) 




Fgdl.S lb) + F^^(8.b lb) = F^(20 lb) 



Figure FD 10 



The centerlines of other spring combinations that can l:>e found by trial and error are 
also shown in figure FD 10. When pulled as shown, S5 and S6 replace S2. Their point forces 
Fj and F^ are found to be coplanar (in the same plane) and concurrent (the lines of action 
meet at the sane point) v;ith F^ and form the sides pf a parallelogram which has a diagonal 
equal to F^. Other sets that can replace S2 are S7 and S8, S9 and SIO, and Sll and S12. 
All of these sets are foui-^d to have poLnt forces that are coplanar with F^ and all are 
concurrent and form parallelograms with diagonals equal to F^ » except the parallel set of 
S9 and SIO. I'he case of parallel forces will be treated later in a spe'^lal section. 
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Of cxD'orse, each c^f the experiments could have been pe^fonnsd in the reverse order. For 
instance, the three springs SI, S3 and SU could have been applied first, then the right- 
handed pair, S3 and SU, could have been replaced by S2* When 52 is replaced by S3 and SU, 
point force F2 is replaced by F^ and F^. In reversing the order, F^ and F^ would be replaced 
by F^. In either case, F^ is called the sum or resultant of F^ and F^, while F3 and F^ 
are called con^nents of F^ along their direction lines. F^ and F^^ are not usually referred 
to as conponent? of F^. 

The results of experiinents are usually written in the fonn of a law. 'lYie law for the 
addition of forces is called the parallelogram law. It states that when a single load is 
to be replaced by two loads, their three point forces (1) must have lines of action that are 
coplanar and concurrent, and (2) must fonn a parallelogram at the point of concurrency, with 
the diagonal equal to the single point force (called the resultant) and its sides equal tc 
the other two point forces (called the conpDnents). Conversely, when t^^o loads are to be 
replaced by a single load, tneir two point forces (called conponents) must (1) be coplanar 
and concurrent, and (2) form the sides of a parallelogi^am at their concurrent point, whiJi 
has a diagonal (called the resultant) equal to the point force of the total load. 

Quantities that obey the parallelogram law when added are called vector quantities or 
vectors. A vector has these characteristics: (Da mgnitude, (2) a line of action, a 
direction, and a sense, that is, it is a directed quantity, and (3) a vector obeys the 
parallelogram law when added to another of its kind or when replaced by others of its kind. 
A point force is therefore a vector, as represented by a full ca.TOw. The length of the arrow 
represents the magnitude of the point force, the position of the body of the arrow represents 
the line of action and direction of the point force, rhe position of the arrowhead represents 
the sense of the point force, and these point forces are combined only with parallelogram 
addition. Vectors will be written in this presentation with bars over them (example - F^), 
and the magnitudes of the vectors will be written with capital letters (exairples - F^, T ). 




Figure FD 11 



Figure FD 11(a) shows a horizontal ring held by SI and S2. The parallelogram law is 
to be used: (1) to replace S2 by point force conponents along the action lines a and b, and 
(2) to replace S2 by a set of conponents, one along b and the other through point c. 

For case (1) a plan view is dra^m to scale in (b) of the right half of the ring with 
FF^ and 7^ shown along with lines a and b. Next, a parallelogram is drawn to scale at 
point 1 with F^ as its diagonal and F^ and F^ as its ^ides. F^ and F^ ar^ the point forces 
of two loads acting at a and b. 

For case (2) a plan view is drawn to scale in (c). FF^ and F^ are shown, and the 
action line of F^^ can be drawn. F and intersect at point 2, therefore F^ must pass 
throtigh poLnt c and point 2. F can now be placed on the diagram. Now F^ can be replaced 
by exponents F^^ and F^ as shown by the parallelogram. Replacing a point force by com- 
ponents is soiTBtimes called resolution. 




Figure FD 12 



The three loads SS, 34, and SI hold the ring in a stationary position in figure FD 12( •). 
In (b), loads S3 and S4 are to be replaced by their point force resultant using the parallel- 
ogram law, then in (c) the point force resultant of SI and S4 is to be found using the 
parallelogram law. 

in (b) F^ and F^ are combined at their intersection point. In (c) and F^ intersect 
as shown and combine with a parallelogram to give their resultant R^. 



AT TOIS POINT, IF YOU ARE GTm AN OBJECT ACTED UPON BY TOO 
OR MORE DDADS, YOU SHOULD BE ABLE TO REPLACE ANY ONE OF THE^^ 
IDADS BY POINT FORCE COMPONENTS USING THE PARALLELDGRAM LAW. 
ALSO, IF YOU ARE GIVEN AN OBJECT ACTED UPON BY THREE OR MORE 
(DPLANAR NON-PARALLEL LOADS, YOU SHOULD BE ABLE TO FIND TliE 
POINT FORCE RESULTANT OF ANY TOO OF THE LOADS USING 
PARALLELOGRAM LAW. 



Moment of a Point Force 
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Figure FD i3(a) shows a ring which was originally held in a stationary horizontal 
position by loads SI and S2. S2 was then x>eplaced by S3 and S^, and, while naintaining the 
ring in its criminal horizontal position, the three scales were pulled until SI registered 
its original mgnitude of 20 lbs. It was found that SI and S2 were colinear, and that 52, 
S3, and SU were coplanar and concurrent. In (b) a plan view of the ring is constructed with 
F^, F^, F^, and F^ drawn to scale along their action lines on the outside of the ring. F^, 
F^, and F^ are related to each other as shown by the force parallelogram drawn to scale at 
their j^oint of concurrency 0. Now a point P is chosen in the plane of F^, F^, and F^. Soto 
new relationships are to be developed between F^ and its connponents F^ and F^ with respect 
to point P. 

A plan view of the right half of the ring is drawn in figure FD 14. Point P is shown, 
and the point forces F^, F^, and F^^ are drawn to scale on their lines of action. The point 
of concurrency 0 is also shown. 




Figure FD lU 
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First, a relationship between T2 ard point F 
is to be developed. A straight line s is dnaivn 
from P to 0. Using the parallelogram law, is 
replaced with conponents D and E, which ar^ 
parallel and perpendicular, respectively, to 
line s. Line a is next drawn from P perpendicular 
to the line of action of F^. Notice that the 
angles labeled 6 are equal, so from similar 
triangles, 

a ' E 

Next, F^ is to be related to point P. Com- 
ponents A and B, which are parallel and perpen- 
dicular to s, replace F^. Line b is drawn from P 
perpendicular to the action line of F^. Angles 
labeled cx are equal, so from similar triangles, 

r 

s *3 
b " B" 



is now to be related to point P. H and G, perpendicular and parallel to s, replace 
Fj^, line c is drawn from P perpendicular to F^^, .and the angles >6 are equal, so 

F.. 



c 



H 



F^ is the resultant of F^ and F^^, so the component of F^ perpendicular to line s must 
equal the sum of the conponents of F3 and F^ which are perpendicular to s . This jnaans that 

E - B + H 

These are colinear, so E = B + H 

SuDstituting the first thr>ee equations into this equation gives 

s s s 

s is the denominator for each term and can be cancelled, leaving 



aF. 



bF3 . cF^ 



This equation relates the resultant r ^ and its coirponents F^ and F^ with point P. The 
product aF^ is called the monent of F^ with respect to point P and can be written M 

F^/P. 

The product hF^ is called the moment of F3 with naspect to P, or /p. M^. /p is the product 

cF^. In the use of this equation, P is called the moment center, a is called the moment arm 
(or lever arm) of with respect to P, and b and c are the moment arms of F^ and F,^ with 
respect to P. If the lengths are in inches and the forces in pounds, the units for moments 
are inches times pounds or inch-pounds. 



FD 



The relationships between the point force F. and its coirponents and F^ with respect 
to point P resulted in an equation. Tne terms in equation must have signs. The usual 
sign convention for nicnients is that a moment v/ill be called positive if the force arrav 
points counterclockv;ise on the lever arm and negative If the force arrow points clockwise 
on the moment arm. Some exanples of positive and negative monents oi point forces are showii 
in figure FD 15.. 




Figure FD 15 



AT THIS POINT, IF YOU ARE GIVEN COPLANAR POINT FORCES ANT 
A POINT IN THEIR PLANE, YOU SHOULD BE ABLE TO IDENTIFY THE 
hDMENTS OF THE POINT FORCES WTTH RESPECT TO THE POINT USING 
CORRECT SIGNS. 



Measured I^Dmsnts 
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Figure FD 16 



0 3 
'ill 



15 



30 



lb 



The right half of the ring from figure FD 14 is redrawn in figure FD 16 • The mthe- 
natical moments are to be found using measured lever a^^n*^ ^or the moments of F^, F^, and F^ 
with respect to point P. 

Mp = +(11,6)(20) = +232 in-lb 



F3/P = +(3)(2U) 



= +72 in-lb 
/p = +(8, 3) (19, 3)= +160 in-lb 

\/? \/? ' \/? - ' = +232 in-lb 

^ o 4 

In the derivation of the moment equation, the distance s was cancelled • TJ-iis mec.,is point 
P is a random point and the moment of the resultant ^2 will equal the moment of its components 
F^ and F,^ wiT^w;gsgect to any point in the plane of F^, F^, and F^. 

To illustrate this, a point Z is also shown in the plane of F2, F^, and F.^ in figure 
FD 16. Perpendicular lines d, e, and f are drawn and measured. 



Therefore , 



^F^/Z = ^F3/Z + ^^/Z 

+ (6.2)(20) = + (12.0X24) - (8.5)(19.3) 
+ 12U = + 288 - 16H 



NOW IF YOU ARE GIVEN A DIAGRAM SHOWING CDPLANAR POINT 
FORCES ACTING ON AN OBJECT, YOU SFiOULD BE ABLE TO FIND 
THE MOMENTS OF THE POEfr FORCES WITO RIZSPECT TO ANY 

POINT IN THEIR PLANE. FD - 5 
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Using Moments to find Corponents 
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1 inch = 10 inches 




Figure FD 17 



In figure FD 17 a ring is acted upon by loads SI and S2. Sll and S12 are to replace 
S2 while keeping the ring in its original position. The magnitudes of Sll and S12 are to 
be found using monvant equations. A portion of the plan view of the ring is drawn in (b), 
showing F^, F^^, and F^^- Remember that the monent of the resultant F^ equals the ironent 
of its conponents F^^ and F^^ with respect to any point. 

First, F^2 ^ found. A point X is chosen anyv^ere along the line of action of 

F^^; the equation of the moments of the point forces with respect to X can now be written. 
The lever arms for the three point forces are drawn and scaled fron the drawing. 

+ 



^./X = ^F 



11 



/X 



'12 



/X 



+ (17.U5)(20) 
F 



12 



= (0)(F^^) + (17.1)(F^2) 
= 20. U lb 



To find the magnitude of F^^, a point y is chosen anyplace on the action line of F^^^ 
Perpendicular moment arris are drawn and scaled. 



-(b.57)(20) = (0)(F^2) 
F^^ = 10. H lb 



12.9(F^^) 



NOW YOU SHOULD BE ABLE TO REPLACE A POINT FORCE BY POINT 
FORCE COMPONENTS ALONG rESIQ-JATED DIRECTIONS BY USING 
MOMENT EQUATIONS. 
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Using Moments to find Resultants 



FD 




Figure FD 18(a) shows a vertical slab acted upon by two loads. The single point force 
resultant F^ of loads S2 and S3 is to be found, using moment equations, 

A plan view of the slab is drawn to scale in (b), with F^ and F^ shown. The line of 
action of their resultant F^ will be found first. 

A point A is located 3 inches from the line of action of F^ and U indies from the line 
of action of F^. Point A is on the line of action of the resultant of F^ and F^, since 

0 = + (3)(16) - (•4)(12) 

Another point B is located 6 inches and 8 inches from the action lines of F^ and F^ . 
The action line of F^ has now been established, since it must pass through points A and B. 

The magnitude of F^ now can be found by choosing an arbitrary point C on the line of 
action of F^. Perpendiculars e and f are drawn and measured. 

(f)(F^^) = (e)(F2) + 0 
(8)(F^) = (13)(16) 
F^^ = 26 lb 

NOW YOU SHOULD BE ABLE TO FIND THE SINGLE POINT FORCE 
RESULTANT OF ANY WO OOPLANAR LOADS BY JSING MOhCNT 

EQUATIONS. FD - 



2g P oint Force Resultants of Multiple Loads pj) 

The acting, leads on the apparatus shown is\ figure FD 19(a) are the wei^ts of the i\io 
blocks and the spring pull. The system is synmetriccd about the centerline of the spring 
scale. The single point force resultant of these acting loads is to be found (1) using the 
parallelogram law directly, and (2) using a morent equation. 




Figure FD 19 



A 3-D diagiBm is drawn in (b) showing the three force fields. Their point force 
resultants are supeririposed on the diagram. Since the point forces are coplanar, a 2-D 
diagram showing the point forces can be drawn to scale in (c). The action lines of and 
7^ meet at point P, so F^ and F^ are added at P to find their resultant R^. Next, the 
action lines of and F^ are extended and found to maet at point T. R is the sum of 
and F^ at T. The magnitude, line of action, direction, and sense of R are now known. 

Method (2) begins with diagraiiL (c) drawn to scale with T^, T^, and shown. Now in 
(d) r^, F^, and F^ are added with a triangle (this technique can easily be derived frem the 
parallelograjTi law) to find R = 53.9 lb. Next, the line of action of R must be found in (c). 
Line m' is first drawn perpendicular to R in (d). Next, line m is drawn from reference 
point 0 ill (o) parallel to m' . R acts perpendicular to m in (c) at an exact distance from 
0. This distance will be called e. 

The jnoment of R equals the sum of the nonents of F^, F^, and F^ with respect to 0. 

- (e)(53.9) = (3)(20) - (3.5)(20) - (6)(30) 
e = 3.53 inches. 

The line of action of R can now be placed perpendicular to line m 3.53 inches from 0. 
'This checks with the first mathod. 



WHEN YOU ARE GIVEN AN OBJECT ACTED UPON BY LOADS THAT REDUCE 
TO COPLANAR NON -PARALLEL POINT FORCES, YOU SHOULD BE ABLE TO 
FIND THE SINGLE POINT FORCE RESULTANT OF THE LOADS USING 
EITHER DIRECT PARALLZLOGRAM ADDITIONS OR MOMENT EQUATIONS. 



Parallel Systems ^ 

Many times in engineering statics two parallel loads are replaced by one load. When 
the two loads are replaced by their force fields and these in turn are replaced by their 
point forces, these point forces do not intersect. Therefore, the parallelogram law cannot 
be used directly to add parallel point forces. Graphical and noient equation techniques 
will be developed now for finding the resultant of two parallel point forces. 




Figure FD 20(a) shows a vertical msniber acted upon by two horizontal loads SI and S2 
that are to be replaced by a single load. 



In (b) the force fields that represent the two loads are shown together with the 
point forces that replace them. C and D are coplanar but not concurrent . Point force C 
can be replaced by two corponents E and F which are coplanar with D. F can be added with 
D to give R^. can now be added to E to give R which is the single point force resultant 
of C and D. R is scaled and found to equal 45 lbs, with a line of action 5.33 inches above 
13. This point force resultant R represents a single load that could replace SI and S2. 

Tne point force resultant of SI and S2 can also be found using nonsnts, as shown in 
(c). The three vectors are coplanar, R acts parallel to C and D towards the right, and 
R = C + C, so the TOgnitude of ^ = 20 + 25 = 45 lbs. Also, the mojnent of R equals the 
moment of U plus the moment of D with respect to any point. Taking the top of bracket B 
as a reference, distance d can be found: 

\/B ^ ^D/B " ^C/B 
- (d)(45) = -(3)(25) - (15)(20) 
d = 8.33 inches. 
]^ can now be placed on diagram (c) . 

The two methods check each other. SI aiid S2 can be replaced by a 45 lb single spring 
that is coplaMcir and parallel with them and positioned 5.33 indies cibove 82. 



NOW YOU SHOULD BE ABLE TO FIND TflE SINGLE POINT FORCE 
RESULTAN^r OF TWO PARAI.LEL LOADS, BOTI-i GRAPMICALLY AND 

wrni MOMiiws. 
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Point Foroe Res'jltants of Solid Objects 
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lb 



^,63 



X 



(c) 



Figure FD 21 



The single point force resultant of the solid object in figure FT) 21 is to be found. 
The object can be mentally pictured as if it were two sinple objects, as shown in (b). 
This type of object is called a conposite object. (The coiiposite objects presented in this 
unit will be nade up only of rectangular, triangular, and circular blocks. The centers of 
gravity of these common objects can be found in an engineering handbook.) Each simple 
object has a gravitational force field acting downward that has the saim shape as the object. 

For the lower rectangle the point force resultant acts through the center of gravity of 
the rectangle (at w/2 and 1/2 fran any comer) and has a magnitude of 

= (6)(2)(U)(.257) = 12.3 lb 
The triangular shape has a point foroe resultant that acts througl-i its center of 
gravity (1/3 and w/2 from the right front comer) and has a nagnitude of 

(6)(2)(3)(.257) 



i4.63 lb 



1 2 

The two resultants are parallel, so a 2-D diagram (c) can be used to find the single 



resultant R of R^ and R2. 



^ ' ^1 "^2 " ^'^^ -^^'^ " ^^'^^ 

\/x \/x ^ \jx 



1"^ ^^2' 
(d)(16.93) = (2)(U.63) + (3)(12.3) 
d = 2.73 inches. 

R can now be placed with its correct nagnitude, direction, sense, and line of application 
in (c). 

The conposite member shown in figure FD 22(a) also has a single resultant. The resultant 
is to be found using a monent equation. First, in (b), the member is nentally replaced by 
three known shapes. The block and wedge are considered to be solid with their resultants 
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acting downward. The resultant of the cylindrical hole is considered to act upward, and 
all three resultants are coplanar. In (c) the three point force resultants are drawn in 
2-D with their correct magnitudes, directions, senses, and lines of application. The 
nagnitude of the single vector resultant must be equal to the sum of the magnitudes of the 
vertical forces. 

R = 10.8 + 2.7 - 0.94 = 12.56 lbs acting downward in "-he 

plane of the three point forces. 
In addition, the moment of the resultant about some point X must equal the sum of the 
moments of the individual parts about the same point. 

(d)(12.55) = (6)(10.8) + (10)(2.7) - (4)(0.9i4) 

d = 7.01 inches from the right edge of the member. 



WHEN A COMPOSITE OBJECT HAS POINT FORCE RESULTANTS THAT ARE 
COPLANAR, YOU SHOULD BE ABLE TO FIND THE SINGLE POINT FORCE 
RESULTANT FOR THE COMPOSITE OBJECT. 
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UNIT 2 
EQUILIBRIUM DIAGRAMS 



YOU HAVE nNISHED UNIT 2, IF YOU ARE GIVEN AN ENGINEERING 
STRUCTURE, (l) YOU WILL BE ABLE TO VISUALIZE TliE 3-D TORCE 
HELDS ACTING ON THE COMPLETE STRUCTURE AND ON ANY INDIVIDUAL, 
MEMBER OF THE STRUCTURE, (2) YOU WILL BE ABLE TO CONSTRUCT 
FREE-BODY (F-B) DIAGRAMS IN 3-D OF THE STRUCTURE OR ANY MEMBER 
OF THE STRUCTURE USING POINT FORCES IN Pl^CE OF THE FORCE FIELDS, 
AND (3) YOU WILL BE ABLE TO CONSTRUCT 2-D F-B DIAGRAMS OF THE 
STRUCTURE OR ANY MEMBER OF THE STRUCTURE USING POINT TORCES. 



Introduction 

In Unit 1 you learned how to visualize force fields acting upon members and then how 
to replace these force fields by their point forces. In this unit more involved engi- 
neering structures and members will be analyzed. These structures will be shown in 3-D 
diagrams with force fields and point forces. 2-D diagrams will then be drawn of each 
member with the point forces shown. Only the relative positions of the force fields and 
point forces will be considered in this unit. All the structures analyzed in this unit 
will be in static equilibrium, that is, when they are acted upon by forces, they will not 
deflect or move from their stationary positions. 



Forces Between Bodies 

Force fields acting upon a body are caused either by direct contact with another bocfy 
or by a mgnetic or gravitational attraction between the body being studied and another body. 
The force fields acting between bodies are always equal and opposite, niis means that the 
action (a force field) of body A on another body B will be equal and opposite to the action 
(a force field) of the body B on body A. The point forces that replace the force fields 
will be colinear, equal, and opposite to each other. 

Copyright - 1971 
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2 EQD 

Figure EQD 1(a) shows <m isometric drawing of a horizontal stationary beam H that is 
loaded '^th a wooden block A, another beam B, and a concrete blocK C. Beam H is resting 
upon two horizontal smooth supports D and E which are assuned to be rigidly attached to 
the ground. All the force fields acting upon each rrember are to be shown in 3-D. Each 
member is then to be shown in 3-D and 2-D with point forces replacing the force fields they 
represent. I^nfoers A, B, D, and H are assuned to te rigid, homogeneous and syimatrical about 
their vertical centerlines ( {s). These vertical are in the sane vertical plane. 





A 

i. 
1^ 



c 

% 



T7 



Figure EQD 1 



(d) 



.15- 



The force fields acting upon each member are shewn in (b). FT^^ represents the weight 
of H but only a small section of this force field is shown. Each contact force field in (b) 
is an evenly distributed force field. In (c) all the force fields have been replaced by 
their point forces. Each point force acts thrcugh the center of its force field and all 
the point forces are in the same vertical plane, that is, they are coplanar. Although, of 
course, the four members are th,-m^elves 3-D and could not be in a single plane, the point 
forces that represent the force fields between them are coplanar. TTiis type of system is 
called a coplanar system, l-he menters are shown in (d) in 2-D with point forces. 



Engineering Pins 

Many tiriBS engineering jrerribers are connected to other members with round pins . Figure 
EQD 2 will be used to analyze the force fields acting upon a pin. The force fields acting 
ipon weight W, pin A, fitting B, and cord C will be found. It is assumed that A, B, and C 
are weightless and rigid and that pin A is frictionless. The system is also syimietrical 
about the vertical ^ of cord C. 




(a) (b) (c) 

Figure EQD 2 

In (b) the members are separated. It is further assumed that pin A has snug fits with 
W and B and that uniform force fields act at each contact surface. FF^ then acts upward 
against the pin and is uniformly distributed over its contact area as shown. FF^ acting 
against the fitting is equal and opposite to FF^. FFg acts uniformly over its area and 
must balance FF^. Since the pin is syirmetrical about a vertical (^., FF^ and FF^ are equal 
to each other as shown. FF^ and FF^ are equal and opposite to FF^ and FF^. Remember 
again that all the force fields are assumed to be evenly distributed over their contact 
areas. 

In (c) the force fields have been replaced by point forces with each ix>int force 
acting through the center of its force field. 



EQD 

An isometric space diagram of a horizontal beam H, this time supporting a load P with 
a pinned yoke B, is shewn in figure EQD 3(a). Beam H is siqDported at its right end by a 
roller C and at its left end by a pLn E held in a bracket D. The system is coplanar, the 
pins are friction free with snug fits, all members are weightless except H and P, and all 
members are rigid. All the members are to be drawn in 3-D with force fields, in 3-D with 
point forces, and in 2-D with point forces. 





(b) 





(e) 



Figure EQD 3 



In (b) all the members are drawn in exploded 3-D and all the force fields that act 
against all the members ar3 shown. All the force fields are evenly distributed. Notice 
that roller C has line contact with its support and member H so its force fields FF^^ and 
FF2 are line fields. 

In (c) the isoiiBtric drawings show the members with the point force resultants of the 
force fields. All of these point forces act through the centers of the fields they represents 

The 2-D space diagram is drawn in (d) and the 2-D diagrams with point forces in (e). 
Notice that some of the arrows in (e) actually re.present two force fields. 



AT THIS TIME IF YOU ARE GIVEN AN OBJECT THAT IS LOADED WITH VERllCAL 
LOADS mD CONSTFALNED BY PINS AND ROLLERS, YOU SHOULD BE ABLE TO 
PLACE ON 3-D DRAWINGS THE FORCE FIELDS ACTING UPON ALL THE MEMBERS, 
Tiej SHOW THE EQUIVALEN'T POINT TORCES ON 3~D DIAGRAMS, AND FINAI.LY 
SHOW m POINT FORCES ON 2-D DIAGRAMS. 




Figure EQD 4 

An experiinent is to be performed v/ith rod A held by a student, as shown in fig'-ire EQD 4(a). 
The student will load member A by pushing or pulling through the ball and socket joints 
without moving member A. He finds from experimenting that he can (1) push his hands toward 
each other along the of A or (2) pull his hands ^art again along A*s <^ . If he pushes or 
pulls in any other direction, HEmber A will not remain stationary • 

Diagram (b) shows the force fields and the corresponding point forces that are the 
results of pushing on the rod. The force fields FF^ and FF^ are equal and opposite. The 
point forces F^ and are also equal and opposite and colinear along the of A. Diagram 
(c) shows the force fields and point forces caused by pulling on A. Again the point forces 
are equal, opposite and colinear along the ^ of A. 

The type of member shown in figure EQD 4 is called a tuo-force (2-F) number. A 2-F 
member can be described as a member loaded only at two places by evenly distributed force 
fields, and must therefore be weightless with frictionless supports at two places and no 
loads between the two supports. When the two force fields are replaced by their point forces, 
these two point forces must be equal and opposite and colinear with the ^ of the member. 

Another exanple of a 2-F member is shown 
in EQD 5. F^ and F2 must be equal and opposite 
along the of the 2-F number C, as shown in 
(b). This means that FF^ and FF^ must be equal 
and opposite. FF^ and FF^ on pin D are equal to 
each other. This means that for C to be a '2-F 
member, the two hands must be equal distances from the ^ of C 
and both must apply the same pressure. Of course, the hands 
could both pull and the result would be the same with all the 
force fields and point forces in (b) reversed. In addition, 
Fg is equal and opposite to F^^ and Fg is equal to Fg. 




Figure EQD 5 






Figure EQD 6 



The structure shown in figure EQD 6(a) shews a weight W being supported by two members 
A and B. The system is coplanar, that is, the <^'s of A, B, and W are coplanar. A and B 
are considered to be weightless and the connecting pins friction free. 

Now, in (b), diagrams of A and B are drawn with their force fields shown. FF^ is 
replaced by F^, which is on the ^ of A. FF^ and FF^ are equal, so the corresponding point 
forces F^ and F^ can be replaced by F^. F^ is equal and opposite to F^ and is also on the 

of .A. r^mber A is also called a 2-F member, even though it is loaded at 3 places. 
Wherever the loads on a member can be replaced by two point forces that are colinear with 
the of the member, the member is called a 2-F member. Member B can be analyzed in a 
similar nanner. It is called a 2-? conpression member. 

The structure shown in figure (c) is also coplanar and supports load W. In (d) FF^ is 
a uniform force field. Its corresponding point force is F^. 'FF^ and FF^are equal, so the 
point forces F^ and F^ are also equal and can be replaced by F^. F^^ must be colinear, equal, 
-:ind opposite to F^. A ^ of the member can be drawn along the action lines of F^ and F^; 
this is called the effective <^ of the member. Because this can be drawn, member C is 
a 2-r member. Member D is also a 2-F member with an effective ^ as shewn. The actual 
shape of a 2-F member is not important as long as an ef^^ectdve can be found. 



AT THIS POINT YOU SHOULD BE ABLE IX) IDENTIFY 2-F MEMBERS 
AND THEIR EFFECTIVE 4^8. 



EQD 
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Forces with Uakncwn Directions 
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Up until now msmbers have been loaded so that the dLLrections of the loads could be 
deterrnined by inspection. In figure EQD 7(a) and (b) weight W is constrained by a smooth 
sloping surface at B and a frictionless snug pin A. Tne system is coplanar. 

Because the surface at B is smooth, the reaction there is a line field perpendicular 
to the sloping surface (this reaction is the same as it would be if W rested on a roller 
at B). However, the direction of the force field acting on W at A is unkna^.. FF^ is 
therefore drawn with wavy arrows in the cut-away view shown in (c) , to illustrate that it 
has no known direction. For the same reason, FF^, FF^, FF^, FF^, and FF^ on pin A and its 
bracket are also drawn with wavy arrows. In (d), the 2-D diagram, the point forces F^, F^, 
F^, and F^^ are also drawn with wavy arrows, since their directions are uaknown. 

In engineering statics, members are connected by smooth surfaces, rough surfaces, 
frictionless pins, rollers, ball-and-socket joints, friction surfaces aiid other ireans. On 
the ne>:t two pages, figure EQD 8 illustrates soive types of contact and distarit force 
relationships. Whenever the directions are unknown, wavy arrows are shasm for both the 
force fields and the point forces. The exairples marked with ai* asterisk (-'0 will be studied 
in later cases; all others should be analyzed and understood at this time. 






o 



Gravity 

Point force acts 
through the center 
of gravity 






Magnetic attractions 

Point force acts 
through the centroid 
of the nvagnetic field 









K 



Frictionless roller 

Line contact, 
resultant acts 
perpendicular to 
the surface 




Frictionless pin 

Resultant acts 
'hrough the pin t, 
its direction 
aetermined by loading 





3-D 

space 
diagram 





3-D diagram 

showing 
force field)' 




2-D 
space 
diagram 




'1 



2-D diagram 

showing 
point forces 



Smooth surface, 
line contact 

Resultant acts 
perpendicular to 
the surface 



Smooth surface, 
area contact 

Resultant acts 
perpendicular to 
the surface 



Figure FIQD 8 



lERLQ 



J 






Rough suriace, 
line contact 



rxi s ul t a: /- ^ e r:: .v : 
ly loading -i:. : 
cx:>nlacT iratoria] ■ 





A. 



•Trictioii fjurlace, 
area 'contact 

Direction of 
resultant determined 
by loading and 
contact materials 







Ball and socket, 
no load between the 
frictionless sockets 

T^A^o-force msmber, 
resultants at each 
socket are coiinear 
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"Ball and socket, 
loaded l:)et\«jeen the 
frictionle::>s sockets 

Tne resultants at 
each socket are 
not coline<^r 




,1^ 



''Ca^uL lever L^ean 
(.solid corinection) 

Resulta:its rcdacx- 
to a eyste- of 
th X"*^^-^ fo rC"^ s 




3-D 
space 
dic-.rran; 



3-D diagram 

showing 
force fields 



2-D 
space 
dia^^am 



2-D didgraTk 

shwin;' 
point forces 



Shaft-i>' a^mr. 

Resultant acts 
perpendicular 
to the shaft , 
iirection determiriod 
: loaciinp^ 



Figure EQD 8 
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Free-Body (F-B) Diagram s 

Figure EQD 9(a) shows a frame supporting two loads. These loads cause other loads to 
be built up on each member of the franie. The loads upon each individual member can all be 
represented by forc^ fields. Assumptions are made that all the numbers of the frane ar^ 
weightless, all the pins are friction free with snug fits, and all the members of the 
frame have <^s that are coplanar, thus all the force fields are evenly distributed over 
their areas of application. 




In (b) each member of the fr^-ne is drawn as if it is isolated with only the force 
fields that act against it. These diagrams are called free-body (F-B) diagraro. Each of 
these F-B diagrams will new be analyzed. 

Member B is a 2-F tension member so FF^ and FF^ must be equal and opposite with known 
directions. The force fields on pin E are FF^g, which is equal and opposite to FF^, and 
FF^^ and FF^n, which are equal to each other. 



EQD 



D is also a 2-F tension member. FT^j and FF^^ are equal to eadi other; in addition, 
Ff^g equals ^^^2* 

Pin M is acted upon by three other members: B, C, and D. FF^ is equal and opposite* 
to FF^ on B. FFg a-id FF^ are equal and opposite to FF^^ and FF^^ on D. Mthougli FF^^ 
and FF^g are equal and opposite to FF^^ ^^2.2 ^' their directions are unl^nown so all 
are dr\Eiwn with wavy arrows. 

^fember C is acted upon by FF^^^, which is caused by weight W^; FF^^ aivi IT^^ v;hich arc^ 
equal and opposite to FF^^^ and FF^q from pin M; and FF^^ (unknown direction) causei by pin 

Pin F is acted upon by ^^22^ which is equal and opposite to FF^5> with FF^^ and ^"^"214' 
all of which are represented by wavy arrows. 

Member A has seven acting force fields. These art^ FF^ and FF^, caused by the roller; 
FF^ and FF^, from pin E; ^"^"21 ^^20 ^^^^^^^ dir^ection) from pin F; and FF^^ ('ankno\vTi 
direction) caused by pin G. 




Figure E(^^ 10 



The conplete frame is drawn in figure EQD 10(a) as a 3-D F-B diagram v;ith ixjint forces 
replacing the force fields. 3-D F-B diagrams of each of the members ar:^ lrav;n with point 
forces in (b). 




The cxjnplete fraine is drawn as a 2-D F-B diagram in figure EQD 11(a) with point forces; 
in (b) 2-D F-B diagrans are drawn with point forces on all the nembers. This type of 2-D 
F-B diagram is widely used h\ engineering statics. To properly construct and use the 2-D 
F-B diagrams, it is essential that you are able to visualize: (1) the 3-D F-B diagrams 
with force fields, and (2) the 3-D F-B diagraias with point forces. Notice that single 
arrows in the 2-D F-B diagrams can actually represent two separated force fields. 

Some basic F-B diagrams are shown on the next two pages in figure EQD 12. They should 
be studied at this time. 

NOW, IF YOU ARE GIVEN A 3-D SPACE DIAGR^ OF A STATIONARY 

STRUCTURE, YOU SHOULD BE ABLE TO: (1) VISUALIZE 3-D F-B 

DIAGRAMS OF EACH MEMBER OF THE STRUCTURE USING FORCE HELDS, 

(2) CONSTRUCT 3-D F-B DIAGRAMS OF EACH MEMBER OF THE STRUCTURE 

USING P01l^^^ FORCES, AND (3) CONSTRUCT 2-D F-B DIAGRAMS OF EACH 

MEMBER OF THE STRUCTURE USING POINT FORCES. EQD - 





Non-Ui.iform 
loading rciduces to 
a single resultant 
thTOUgh the log^s 
center of i^^vity 







Forces c: tmg a* 
contact ^m'facv: 
are equal 
aiid o: ^osite 







Lower fo^-^e fiel-I 
is trapx'. ^idal lu 
shape, with its 
direction dependent 
upon loading an.: 
contact s^irface 
nditienj 




Since ail the 
constraints are 
ball and socket, 
all the rrierntyors 

are two -force 



3-D 

space 
Liarraiu 



3-D free-body 
diagram showir^ 
force fieldij 



2-J 
space 
diagram 



2-D free -body 
diagram showing 
point forces 



Fig.ure LQD 1'/ 



free-body diagrains such as these, all pins are assumed to be 
:tionless and all members weightless, unless sha^m otherwise EQD 







Despite the bal 
and so <et at it. 
bottom suppon, 
the sloping polo 

is not a 
t\>;o- force inember 





Frame is made 
up entirely of 
two- force numbers 





t I r 



Loading determines 
the direction of 
the force field ori 
the left-hand pip 







Direction of 
force field on the 
upp>er connection 
is uiJ-cno^^i 




Many ass rnptionc; 
about symmetry' are 

made in the ?-D 
free -body dia^Tam 



space 
diagram 



3-D free-body 
diagram showing, 
force fields 



?-D 
space 
diagram 



2-D free-body 
dia^^'^am showing 
poiiit forces 



Figure EQD 12 




FD-1 



Coji5.)lete the force fields 
shown in (b) above. 



FD-2 



Complete the point force 
resultants bhown in (c). 




FD-5 



moments of SI, S2, and S3 with respect to points P and Q. 



FD 




FD " 6 Replace S2 by point force conponents along lines c and d using 

moment equations. 




FD - JD Find the point force resultant of the coiiposite object. 



0 3 

1 I I I 
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FD-7 



Find the single point force resultant of the 30 lb and 40 lb loads, 
Use moment equations only. 





FD-8 



Find the point force resultant of the 25, 50, and HO lb loads using a 
force triangle and a moment equation. Check with direct parallelogram 
addition. 



lERlCi 




FD - 9(A) 



Use the parallelogram law to replace the acting loads with a single 
point force in (b). 



FD - 9(B) Check your answer by using a moment equation in (c)< 



UNIT 3 
EQUILIBRIUM ANALYSIS 



AT TK E^D OF UNIT 3 I? YOU AR-: '^iV;.:: A 3-. SJACF :.:a-f;c* t a ^^r*:A::Ah 

STPUCIURE TliAI IS XALLL VllTd CFLANAF L/:ATF ANI: '<AI L IF OF r a'^F:::A:I^'\ 
CF TVJO-FORCF C-F) AND TrlRFF-FCRJL (d-F) ::i::FLKS X:Z IF :::F ':i^VCrJ?: T: 
COiiSTRAljTD AT iVO PLACES SO TriAF TFZ UIRLCTIOKS OF C::L CO:::T^AJ^.": IS KNu\7;, 
YOU V/ILL BE /^ijLE TO FIjL ^V:E REACTIONS THE STRuCTUFl AT IT^ CO::STRAi:r.^ 

USING F"^ ')iAGRA>:s wiTii FORCE :Li;r-::s f-f f:a^ra:<? v:i'::ii rvt::: i :uatt>"'N^:. 



Introduction 



Tne equilibrium diagr^^'ns Geveio::ecl in Unit. 2 v:er^ a?.ed to vif^ur:lize ir» 3-! 
force fields acting upon con:^.plete structures ana their individual nerrix^rr^. F-t- dia»T'a'?ir- 
v;er^ then const ructea in. 3-D and 2-F vith the lorce fields ix^plaoed bv thoir iv in* : o 
resultants. In this unit F-ri diagrair^; Vvill used uith tne parallelc^rraT. laiv 'nu rrjni-'n^ 
equations to aetermine tne lines of action, uirv-^ctionr , 5w..-:er-, ^nd naj^nitudes : i]v- -.'^dnt 
fcixe resultants of the force fieics tn^t are ,iCtir.K on a ccpiaiiar ^'>tructurv ^An^n ^h" 
'Structure is in static equilibrium. 



Two-Force Members 

In unit 2 you learned what a two-force (2-F) member is. When only two loads act upon an 
object which is in equilibrium, the two point force resultants of the loads must balance each 
other. To do this, they must be colinear with the effective ^ of the object, opposite in 
sense, and equal in nvagnitude. This is called the two force principle. 




Figure EQA 1 ^ 

The 2-F principle is illustrated in figiire EQA 1. In (a) object M is assumed to 
weightless and loaded thrxough two frictionless ball-and socket joints. FF^ and FF^ represent 
the loads. Equilibrium of the object can be established by either pulling as shown in (b) or 
pushing as shown in (c). F-^^ and must be colinear, opposite in sense, and equal in magni- 
tude, F^ and F^ are equal and opposite vectors, so vector equations can \yi.^ v/ritten for Ur-ni. 



^1 ■ " ^2 ^1 ^2 ^ ^ 2: F = 0 
EQA 
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Three- Force ^fe^lbe^s 

Object M in figure EQA 2(a) is assumed to be weightless. It is loaded at ini^e friction 
X'3SS Dall-and-30cket joints A, B, and C. Loads which are represented by FF^ , FF^, and FF, .u^ 
gradually applied whixe keeping the riBmber M in stationary equilibri'um. ' ^ . , .... ^ 
point force resultants of their force fields. 

It can ix^ le^uc^ . u,!:*:^ : a: a.. '1 vr ar. ^ iv: : : . ...:o:tLn ic;:.* '~r" 
vnen *-! is in %uili^riuJn, :\ , F , ^nu ^) C'\ l^n.ii a;-:.: ' Itn-r ::\ir: . * 

w-irail^-l, 2) ado vrlrn the paraliel-f^rarr. lay : rc :^ ^:\.l: -^nl , d^n^ 3) ih-^ T.o;:!-ni^^ : ^, 
anc F\ wit.^i respect an-; polr.l :r. Llv^ir r^^^ne "lu^r sur: r: .j-rc. 




"Ihe svoteiii is in ^ lui 1 ; t^riu:i, so an\ c n-^ 'no I( -^^^^ riU^^t bnir^.nce th** u:' • - -ii * 

tw- 1.^:05^, that 1-, '.rv.^n int^ Lcint :o; rf;.ic:r^ 1 il;>, : ^ irUot !r,? ' >f> 

F. di.u r,. i . n.ust ac:ci v'tn F usin^^ ^h?.^ raral lol^^rra:'". l-^v; civ^' i r^^^ . , ' -^il ' ^ircn 

mu^^^: !>■ i>\ th'^ 2-: rrinciil-^, cciine-jr with, dn..: f..uai, hut o;^:cu>:te t"o . It n.i., . . li 

i-^eon shavTi mat F,, F,. and th.eir suit ant muL t tx^ ccnianar and oithpr concurrerit. 

i_ ^ — i _ _ * _ 

parallel. Since F, and \ .T.utU lx^ colinear then i,, , an J f\ muf^t iv? coi idntr aiiu ^-It:.* r 

1 i i ^ 

concurrent or parallel. 

The results of these deductions are shewn in EQA 2(b) and (c). F2 and F^ are shown as 
being concurrent with F^ at ^ in (b) or parallel to it in (c). You already know that since F 
and F^ are concurrent at 0,^ a parallelogram can be drawn at v showing F^ + F^ R^, as in (b) 
F^ must be colinear w:th, and equal, but opposite to R^. For the parallel case in (c), F^ + 
F^ equals R2 which is aJso colinear with, and equal, but opposite to F^. 

For (b) n . F3 = P,, but = -T^, so f;^ . F3 = This Ucnrr^s ^ 1 

that can written 2 }' 0. in (c) F^ + = R = , so F. + T + f ' 

cr ^ F = 0. ^ i 2 3 1 

A random point c^an he chos^t>n in the pLan^ of F 
Piiow in (b) th. M> ., + h ,^ = M. 



p ina [3 ds iri (I) 



r^/F ^^3/? = /p ^^^^ ^^^^^^^^ = -F, thon M^, 



EQA 



3 



Combir.ing these gives V.^.^, + ,r = " "r /f" ^^^'-'-^ 'gf'-'^ "'■ • ^ '■ ' ' ■ 

= 0 which can be written 2[>L = 0. f^aiu in (c) M., , + + - : = ^. 

• ' 

•Sc ror either (b) or (c) , i F = 0 ar.c = u v.'here P can :x> an\ rcl:.: In * 

o: r^, f^, and F^. 

A principle that applies to a member which is loader^ at only three places can now be 
stated. When an object is in equilibrium under the action of three loads^tne tnre-i i-^ ir.i r 
resultants of the loads must (1) be coplanar, (2) be concurrent or parallel, (3) add with t\v^ 
parallelogram law to a zero resultant (ZT = 0), and (H) t^e summation of the noments of the 
three point forces with respect to any point in their pl-ine must equal zero (^v . z 

T?u.is called the three-force (3-F) principle. ITiis principle will now be applied to'finJ t> 
reactions on some sinple structures. 



Three -Force Member React ions 

c 





Figure EQA 3 

r^iTtoer A shewn in figure EQA 3(a) and (b) is synmetrically loaded by weight B, con- 
strained by a frictionless roller C and a frictionless pin D, and is assuned to be wlightless. 
Since number A is loaded at three places, it is called a three-foree (3-F) number. Tne acting, 
load is weight B. The loads acting against A at C and D are called reacting loads or reac- 
tions, and the point force resultants of these loads are also usually referred to as the 
reactions on member A. The point forees representing the reactions on mender A at C and D 
will be found using the 3-F principle. 

Remember that if member A is symmetrically loaded by Vv'eight B that the vertical <f*^ a 
A and B must be coplanar. 



EGA 




CO 




rirst a S-T. clagram is drav.Ti to ^cale A i:. (c). 

dravr. with .;in D, roller C, and weignt h re.Tr/v-i. 'T^ ^ 

';*^>-t ^ cinu ar^ suDeriiiiros^^d urori th^^ "3ia>-;tai'. 

* i * ' " . ... 

a:r: -^f course acts throu^n the ceni^^r ol its ^orc^- i 



can be v\<-.c- 1 ii. 
::.t rce y it 

^'o\: T\ and f int^-rb'Ki 



must t 



herefore act tnrou>;h rne <L o\ Ik^ip T aiv: /cl:r. 



- ^ '/'^ • , 

o.>igra^n. IT. nas t.^^ sa-e uir.-L^liori as Y ^ and can ais ^ p^ncea on chc ula^^a^. 
is now a 3-D F-B ciaMta-; mender A., 

Tne directions, sense-, anc lines of action -^i ^ ^i- F^ are new M^a;r:, ^r.' r ' 
vviii now KB rounc: using paralielCf^rain aouition. is laiu out. to ^cai^ at roint i\ 
Uon lines cf and are extended through. ,xMnt i . ' Ine a is drav;n :rom 



na^; 



1 ^•a^all*^^ to Y , line [' iz^ dra/;Ti Lrx::n tht' 
raaced on r,, arid :\ at point T. A pa> all-ior; viT; r" 
.vi !♦ ' r*^ • is ec ua I anc o pp o 1 1- - 
-^lio t^arailelcgrar; at P 3no/;s + F^ = ^ (n t ^no;%Ti) = 



varal tel tr T 



?Iext ar vn^^ 



^n o:nstx ;c^ ■ 'd c\l : 



to the siiigie ^v!nt '.^rvje resultant oi i p^u. 



Altnougn tne parallelogram in (c) * . ara-Ti to '^cale, it is dil.icult to m\i'-~ui\' t-.- 
inagriitudes of the point loices in an isometric view, ^br this reason 2-D ciia>-!r iJ' (^i) 1 
araivTi. f^, f^, and are coplanar in (d)., l\o^ the .'airie prc\:edure iii (d) as in (r ) wiii 
give tne directions, senses, lines ol action, and mgnituae^ of and F^. ?-0 diarra? ( 
is drawn to scale. F^ and are placed on their correct lines of applicatif-^ni^ , aici ^-^xi' 
to n^et at P, is drawTi through the ^ or hole D ar^d i . Tnis completes tne 2- D Y-h 
diagrain. Now a parallelogran is constructed to scale at F with F^ as its rever^ -d iia>:n.' 
and F^ and as its sides. F^ and F^ are measured giving = 18 lb aid = 34.^ ii . 
F^ and F^ are now kno/m, they ar>e the point forc^- resultants of the force fields ac.tin^^ 
against member A at C and D. 



'Hie magnitudes of Y,^ aiid F^ can also be fconu using 2-D F-B diagrans drawri to zcni^ 
and momnt equations. ll*ie 2-D F-B diagram in figure EQA U(a) is drawn to scale and v/ili 
used to find the magnitude of F^. 

In (a) F, arid F, are oiaced in the diagram and as l^efcr^ intersect at F . . i"an 'u- 
be drv3'-;n on the diagran as it acts tfirough the of D ana point P. 

I-lp + Mp + Hp yj;^r;t equal ^ero with respect to any poir.l . Point D (th^r ^ i 'h^' n 
v'll i)e used as a iiYDment center to find F^. 
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/6 



<<>o 



Figu-^ EQA 4 




Line a is drawn from the ^ of D perp^^naicular tc the line of action c"""" , i ir.o : 
drawn from the of D perpendicular tc the line cf dcii::. c: T. . Tne lenpths * a ai.*: 1 
are 3 inches and 5 inches as shown in figure EQA 3(b). 



Now 



•T3/D 



(0) (F^) - (a) (rj + (d) irj = 0 

o J. ^ 

(0) (r3) - (3) (30) + (5) (Pp = G 



, (3)(30) 
'/15) 



F-B diagram (b) will De used tc find t'ne iragniruur c* / 
intersect at P., Next a Dcint X is chosen as the line c: action cl 



As Deioro F^, F,, and :^ 



2' 



PerDendicuiar 1!:/- 



c -an be drawn from X to the line of action of and 
drawn from X perpendicular to tne line of action of F, 



len^tn scaled. .Mext line v! is 
-.ine d is scaled as 3.^ inciier.. 



5 M = 0 or M + + 

^ *^X ^T^/X ^T^/X 'T3/X 



0 



(0) (F^) + (^) (30) - (3.5) (^^) = 0 



(^)(30) 



*3 (3.5) 

lliese answers check with those found by the dir-ect paraiU-lorram law additicn. 



= 3U./ 11 





32 



Figure EQA 5 



llie 3-F principle will new be used to find the reactions at A and B for 3-1 member- 
shown in figure EQA 5(a) and (b). The system is coplanar, that is the ^'5 of M, B, A, arid 
T are coplanar. Me.nber M is weightless, and the connections of B, C, and A are frictionlo' 

It is not necessary to drawn a 3-D F-B diagram as the system is coplanar, howevpr it 
is always necessary to visualize the 3-D F-B diagram. 



6 
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A 2-D r»B is ardL.r.i tc ^'Cdle in ligure :,?A 
iin€5s or action. 7ne action lino niust pa-- ' 

(the intersection point c: ana fj. rorje 



oalancipg the kncw7^. i 
= 28.3 lb. 




/6 



anc 



(:n- 



.-ii aliclr^.ra" /iv i 



40" 



. ^n-,'.> 



Instead constructing a parallelogram at the point of concurrency, it is also possible 
to find the nagnitudes of F^, P^, and F^ with the device shown in (b), called a closed force 
polygon. To construct such a polygon for these forces, a line representing the known point 
force F^ is first laid out to scale anywhere on the figure but parallel to F^'s line of action. 
From the head of F^ a line is constructed parallel to Fg and from the tail of F^ another 
line is drawn parallel to F^. The intersection point of these two lines determines the head 
of and the tail of F^. F^ and F^ can be directly measured on tV'^ polygon. Conparison of 
figures (a) and (b) indicates that the closed force polygon method .-:tuallv ' nalt 
: roe parailelo^ra-n , and that the results found with the t\v'o methods wiil ioj^ntical. 
However the closed force polygon method is more convenient since the poJvt^.ji iuir^:, tc--.? > 
lint^s ana need not te constructed at the point or concurrencv the frrcr , 

To find F^ and Fg using monBnt equations, another F-B diagram is drawn to scale in figure 
CQA 7. Again the action lines of Fg, F^, and F^ are concurrent at point P. To find F^, con- 
struct and n^asure lever arms a and b and take moments about the of pin A. 
a = 11. ^ inches and b = 12.9 inches 

f(ll.U)(32) - (12.9)(Fg) = 0 
Fg = 28.3 lb 

To find F^, construct and measure lever 'J^vs c and 
d and take moments about the ^ of pin B. 

c = 5.U inches and d = 6.8 inches 




- (5.i|)(32) + (6.8)(F^) = 0 
F^ = 25. U lb 



f F ^ 32^^ ^ 



Figure EQA 7 
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GIVEN A 3-F MEMBER LOADED AT ONE PLAC^* .AND CONSVPAINLD 

AT TWO PLACES ONE OF WHICH HAS A RE^^nON OF KNOlvN 

DIKECllON, YOU SHOULD BE ABLE TO DRAi^^ ThT NEa:SSARY F-j^ 

DIAGRAMS AND FIND ITiE RL^CTIONS AT TliE CONSTRAirrrS USHniG 

A FORCE POLYGON OR MOMEl^ EQUATIONS. EQA - 1 



Reactions on Structures Containing ?-F and 3-F Members 

Tne coplanar structure shovm in figure EQA 8(d) and (b) corisists of two ni^i^s 
loaded at their concurrent point. Tne loads on nr.e.uL^ers Ah and BC are to be foun:. 






Figure EQA 8 

A 2-D F-B aiagram ol the structure i?> drav/n to a iar>^er ccale in (c). f^^^ 'i:-: r",^^, 
act along the effective their marTl^ers as sjhouTi. At F the :'in if; ]<?rf jr. : ^ 

structure, the load W and it3 vertical supporting chank are i^^novcd, and FJ^^ i^: '.'Wi 
acting dov.Tiward through tne pin. The closed fow p.dy^^on in (d) can t-e con.struct-r. tc 



•scale, and the niagiiitudes forces F^^ and t\^^ can \jO r.earAire 



'EC 



* AB 



i4 3 lb aii'i 



Also in (c) morr.^^nt ecuations can Ix* used to check the valuer^ found for ! - T. 

Ah 

TJie action lines of all the point forces are known, sc perpencicular lever arm: caii 1^ 
drai^ and rmasured, ai^d the equations can be conpleteu. 

To find Fr 



To find F^g ZM^ = 0 



+ (11.1)(F^) - (12)(U0) = 0 



'AB 



43.2 lb 



BC ^^A = ' 

-(12)(U0)+ (7.0)(F3^) = ^ 
^BC = 68.6 lb 



The answers check with those found by parallelogram addition. F^and Fg^ ar^ of course 
the point force resultants of force fields that act on any transverse section of AB and BC. 



8 EQA 

rne structure saov/n in figure EQA 9(a) a:id (b) is jsed to supper: a 5J 1.^ weir: 
reactions at B and D are wanted. Tne mej-noers are assuied to be weigritless, rcpiajui: 
joined with frictionless pins. 




Figure EQA 9 



-1 — H 



2Qft> ^'o^i^ 



The F-B diagram shown in (c) is drawn to a larger scale* F^ is known, so it can be 
placed on this F-B diagram* Since member CD is a 2-F member, the line of action of F^^ can be 
placed on the F-B diagram, and because Pg must be concurrent with F^ and at point 0, its 
line of action is also known. The polygon drawn in (d) shows the magnitudes and senses of F^ 
^D* Fg = 85.5 lb and F^^ = 101 lb 

The same F-B diagram in (c) can be used to find lever arrrs to use in moment equations: 
^H3=0 EMj^=0 

-(6.M3)(Fj^) + (13)(50) = 0 {2.Z^){Y^) - (U)(50) = U 

= ^01 lb V = 85.5 lb 



5 <p A 



9 



Vraive ABC supports 55 Ir l^-ac throu^z:. ^ pulley at 
v^irntless v;ith frlctiorile^s uir.5. 7ne point force re vjltar.t 
-irid the lead or. rr.er±^r AC are t: fcur/:. 



/y? r?cic t.r'r. ' it \ . 





L r—X-rJ 




i 



A 3-D diagram of msrnter /iBC is drawn to sca> in f^-i ■ 
renoved in this diagran^. but ar^ left in ttl frit !* ^^"^ ^' ^ '^^r-- : 

the pulley is r^ncved at B. ~" '''^ -^^^^^ets aix; n.m:)ved al A ai.u ' 

••ictice in (c) that if the pin at C ir, r-iroved, the :>^dction at C would consist or. 
force field pushing against member AC in cne directicnX csnd tvc forc'e field', ru^hihr 
■against EC in another direction ^ . Ifow if the pin i'^ left in the structure at C. tv.- 
rarallel force fields IT^ and iT^ act vertically upward ae/=inst the pin,?inc«. the hr-.c..-, 
at C is supported by horizontal rollers . Ihese two force rields FF^ and FF^ are callo<; 
the reactions of the bracket against the structure at constraint C. ITie pinn then ax^ 1- - 
in the structure when finding reactions whenever ircre than one r.emlx;r is attached to ; i i;, 
at a constraint. Tne directions of the force fields acting against the pins at A and r< 
cannot be determined bv inspection, the directions of tiieir ix^int force resultants wia. 
♦ound using ?-D F-B diagrams and then 3-D F-B diagram (c) will be completed. 



/o 




2-D r-B diagram (d) i^^ draw. sca^^'. >, r-^rl.ce^ ^' , ^ir. : (c), 

is shc'wvi) in (d) acting v^rTicaiiv ui-ward a^ain^t tiv^ -jJ: . i-'. dcu: 1,^ ^Lr-^h^-.-: ^\m^ • ^'r-r 
it actually represeiitr, ti.v; renarat^ fc.rce fiel^?. 

Next r-B (e) of the puUev jra'.;n tc scdi£*. ~ ^ ^nJ ~ , ar^ ..icil -n : -^^ : ,jc^ . 'i 
(e) on their correct lint-\> c* aciion. \'ycz^' uolv^' ^: (•) r.i: : 'iir; .^t, :: : 

r^. T. in (d) 1^5 ecual and o?rc3ite tc *p. (e). 

r-b (d) can na-; \ye cor^^lcted, i ana :^ M^.:er -cci :! - cm lac-^u in c rr-^:t 
liiv? of action, lorca polvr.cn ( car- I draur., ip:: -^/^a^ur^ed :n (^). ! 

is double slasned to shcv thnt it reoi-^'-ents cwr- -"^'rr*' ■it-Jj". 

Using the directionr c: "ho c:C'l\t lore*- in (a) '.^r tnv dLr*?CLion'^ th*^ir • ro- * I : 
in (c), diagra^n (c) can x\o< to compit^t-^G. 3-D ciar.ra-r (c ) ' ^, u^-uallv not \. -;vr. .u'. i! S 
visualized from (a) tc reaJ ly anders^tand what the .^cint ic^'Q--/ in tne T-D f-H dia»^rani (ci) 
actually represent. 

?-D K-B diagram (h) is dra^-.n to scalf- to find the * oint torce resultant oi the ioa ^ 
acting on men±>er AC. Members AC and BC are 1-V rrerj)er^. so their point l^-^rce^; act aloii^- i:;*--^': 
effective F^^ and \\^^ are placed on their correct linej of action in (h). lorc- 

polvgon (i) are now be drawn and the magnitude of T,^ Con be ^.easured givinp, F.^ =33 W . 

As soon as the directions of the uoint forces are e'^,tablished in (d) and (h), rnor^^nt 
equations could be used in place of the force poly^;on. The rra>;nituder> of and .\vl 
found in the figure using noinent ecuationn with .^asurt^d lever amis. 

r^CW IF YOU ARE GIVDnI A COPLANAR STRUCTURE THAT IS SUPPORTING A COPIANAR UDAX 

AND IS COMPOSED OF 2-F AND 3-F MEMBERS AND CONSTPAINCD AT TWO PLACES ONE OF 

WHICH HAS A KNOV/N DIRECTION, YOU SHOULD BE ABLE TO FIND 'HiE STRUCTJPi: ' 3 

REACTIONS OR THE UDADS ON ANY 2-F MEMBER OF TliE STRUCIUPX USING FORCE 

POLYGONS OR M0M:^:\^T EQUATIONS WITH THE NECESSARY FREL-BODY DIAGRAyiS. EQA - 2 



Combinations of 3-F Kiembers - - Conbined Diagrams 



Fig^ore EQA 11(a) is an isonvetric drawing to scale of a lar^ge pipe A being supported Ly 
two siTtiller pipes B and C. Each pipe is assuned to be of unifonn weight per foot. It is also 
assunied that each pipe is rigid so that the line contacts between A, B, and C and the support- 
ing structure are unifonn. The point force resultants of the reactions of B and C on A an.i o: 
the supporting walls on B and C are to be found, first by using Jioment equations and then 
with force polygons. 



A 




Figure EQA 11 



End views of the pipes are drawn to scale in 2-D in (b). Since the pipes are of unifonn 
weight per foot and all have the sanie length, the point force i^sultants of all the loads act- 
ing upon A, B, and C are coplanar. In (c) F~B diagrams of each pipe are drawn to scale in 
2-D. 

Pipe A has three point forces on its 2-D F-B diagram, is the weight of A, caused 
by B on A and acts perpendicular to the contact surface of B and A, and which is caused by 
C pushing against A is perpendicular to the contact surface of A and C. 

Pipe B has four point forx:es on its 2-D F-B diagram. is the weight of B, R^^ is equal 
and opposite to R^, and R^ and Rg are caused by the left support acting against B. 

The forces acting on the F-B diagram of pipe C are its weight W^, R^ equal and opposite 
to R^, and R^ and Rg caused by the right support pushing against it. 



EQA 



Now mDmsnt equations will be used to find the iragniiudes of and on A, R^ and on 
B, and R^ and R^ on C. 

To find R2 on A, a point X is chosen on the line of action of as shoivn in the F-B dia- 
gram of pipe A. Perpendicular lever ams a and b are drawn and measured, 
a = 12 inches and b = 10.8 inches 

Z = 0 (0)(R^) - (12)(R2) + (10.8)(140) =0 = 126 lb 

To find R-j^ a point Y is chosen on the line of action of R2. lever arms c and d are 
drawn and measured. 

c = 11.2 inches and d = 8.2 inches 

E = 0 (0)(R2) + (11.2)(R^) - (8.2)(140) =0 R^ = 103 lb 

The F-B diagram of B can now be solved. R^ = 126 lb and = 80 lb, so the two unkno'//ns 
Ry and Rg can be found. 

H = 0 (OXR^) + (0)(80) - (n.2)(Rg) + (9.2)(126) = 0 R^ = 104 lb 

S: = 0 -(13.2)(R^) + (13.2)(80) + (3.8)(126) = 0 R^ = 116 lb 



Now the F-B diagram of C C£:n be used to solve for R^ and R 

5 6 * 

E = 0 (14.0)(Rg) - (14.0)(50) - (6.9)(103) = 0 R^ = 101 lb 

E Mp = 0 (17.8)(R^) - (15.4)(103) =0 R^ = 89 lb 

To find the reactions on each pipe with force polygons , the F-B diagram of A is redrawn 
in figure EQA 12(a) and its force polygon is drawn in (b). R^ and R2 are then scaled. The 
F-B diagram of pipe B is redrawn in (c) and will be used to find R^ and Rg. Since and R^ 
are known (R^ is equal and opposite co R2 found in (b)), these two point forces can be added 
to give Rg. A four-sided polygon can oe used to find R^ and Rg directly. To do this, Wg is 
first laj.d out to scale, then R^ is laid out from its ai-rowhead. The polygon can then be 
closed with R^ and Rg, just as you would close a three-sided polygon. 

Now a F-B diagram of C can be used to find R^ and R^ using a four-sided force polygon as 
shown in (f). R^ is first laid out to scale, then is drav;n to scale from its tip. R^ and 
Rg close the polygon and can be measured. 

\^en drawing foui^-sided polygons, the forces are usually added in clockwise order around 
the concurrent point, always starting with the kno*.^ forces. 

Notice that R2 and R^ in (t>) and U) are equal and opposite. The two force polygons for 
A and B can be superiirposed upon each other as in the top half of (g). That is, force poly- 
gon V5^, R^, and R2 fiom A can be drawn as before. Then and R^ can be laid out with R^ 
superinposed on R2 and pointing in the opposite direction. R^ and Rg then corplete the forx:e 
polygon for B. In the same rnanner force polygon R3, W^, R^, and Rg can be superinposed on the 
figure. This is ceMed a combined force diagram. 




Also notice that A is a 3-F mennber since it has one acting load and two reaction loads. 
Although B has two acting loads and two reaction loads, tiie two acting loads and R. can be 
combined into one acting load. The same applies to Dipe C. Pipes B and C are then also 
called 3-F members. A 3-F member my be acted upon by any nunber of coplanar loads, as long 
as it has only two reactions. 

As another example, the reactions on the cylinder B and the member AC in figure EQA 13(a) 
and (b) will be found using a single combined diagram and then checked using moment equations. 




4 EQA 

2-D F-B diagrams of cylinder B and msmber AC are drawn to scale in figure EQA 14 (a) and 
(b). The outside reactions on B, and R2,are found using the triangular force polygon sham 
in (c). V5^^ and are then added to give as shown in (b). The line of action of R^ is 
now known since R^, T, and R^ are concurrent at P.^ Now the force polygon in (c) can be co::i- 
pleted with W.p, R., and f and the magnitudes rneasur^d. 




Figure EQA 14 



Note that the unknowns in F-B (a) can be found by suinming moments about points X and Y and 
the unknowns in FB (b) can be found by taking noments about points A and C. 



GIVEN A COMBINATION OF 3-F MEMBERS, YOU SHOULD NOW BE ABLE 
TO FIND THEIR REACTIONS USING 2-D F-B DIAGRAMS WITH COM- 
BINED FORCE POLYGONS OR MOMENT EQUATIONS. 



EQA - 3 
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UNIT t| 

COMPONENTS - SUPERPOSITION - CANTILEVER BEAMS 



WHEN YOU HAVE COMPLETED THIS UNIT, YOU WILL BE ABLE TO: 
(1) FIND THE REACTIONS ON A STRUCTURE MADE UP OF a) A 2-F 
AND A 3-F MEMBER OR b) TWO 2-F MEMBERS USING MUTUALLY 
PERPENDICULAR POINT FORCE COMPONENTS, (?) FIND THE REAC- 
TIONS ON A STRUCTURE MADE UP OF TOO 3-F MEMBERS USING THE 
METHOD OF SUPERPOSITION, AND (3) FIND THE REACTION ON ANY 
VERTICAL SECTION OF A CAOTILEVER BEAM WHICH^ IS SUPPORTING 
A TRANSVERSE LOAD. 

Introducticn 

In Units 2 and 3 vou learned how to construct F-B ::iagrc^jns and find the unki^.ov.Ti r*' 
on coplanar structures that are in equilibriaT. Uf:ing -jrarhical and ino::>."^rit '?<ju?.t: n ::^'rr. 
the parallelogram law. In this unit the technique of drawing F-B diagrars and utJn>; tn 
parallelograjT\ lav; to find reactions on coplanar structures will re oxiv.nded tc inclui^ 
use of mutually perpendicular" (crthoc:;cr:-,l) comDonents cf the forces in arithmetic t rc" 
moment equations. /Another basic tool called su:erpos: ticn will be dev^]-:?-^: arid u^^ed, 
tne direct parallelogra:.^. tucc:i equations and T.T^inent equations v;ill be u'--'ed t.; rind tr*o 
reactions on the rigid connection ^f a ^\antiiev'^r bea^. 



Use Mutually perpendicular Components :or 'inding Keactions 





(b) \ 

y^'Stjre CSC I --I V 

K weightless member }\ is loaded with a coplanar 32 pound pull and is supportpd hi , 
roller at B and a frictionless pin at A. The reactions at A and B ar<. to Ije found. Thf 
reactions can found only with the three force principle as developed in this pres°nt< 
'Ihe three force principle will be used to find the reactions usiiig five different metho- 

1. By direct summation of the point forces. 

2. By direct summation of the moments of the point forces. 

3. By summation of mutually perpendicular components of the point forces. 

It. By saimation of the moments of mutually perpendicular ccmponents of 'he point f 
5. By a combination of 3 and 4 summation of mutudllv perpendicular comoonents anc 
summation of the irom^^nts of mutuallv perpendicular comn.-. ;ents. 



Direct Sunuietion of the Point Forties 



I 1^ : /i "> 





■me first method has already been developed. i>.e free bcdv diar.ra.-, (d) t.-sp r,. 
scale with and -,^as shou-n. and F^ intersect at point P so F can oe nl.^.J -^n ^-^^ 
free-body diagranu F^ is knov..., the force parallelogram can be constructed to scale ar.d th^ 
mgnitudes of F^_ and F^ can measur. i. The three dimensional fre . . (c) c=in now i^e 
drawn. 

Direct Sujnmation of the Moment.g of ±ho P^^nt Forces 



Measuring 
£M^=0 



ll.H'" b = 12.9'" 



- (11.9)(32) + (12.9)(FJ 

D 



Fg= 28.3 lb 



Measuring c = s.l'" d = 6.8" 



cF^ - dF^ . OF = 0 
(5.U)(32) - (6.8)(F^) = 0 




'me second method has L.en develoreo also and i. shown Ln (e>. Again . ^...->,o., 
(e) constructed to scale with F"^ and F^ shov... To find " . (. maKnituc- >• ^ ) ^..^..Z " 
ar. taken of F^ and F^ with r^soect to point A as show, nex/'v- Ce). V is no. ^av.; .n" 
Its correct location with its line of action nassing throurh .oints A and P. ^omont. ^.'rh 
respect to B as sho^ nex-t to (e) give the reaction at A. Ihese magnitudes ol F, .nd V ' 

ZelTV° thL d.n:n.ion.l 

free-body diagram for this solution is (c), exactly as in the other solution. 

Suinnnacion of Mutually Perpendicular Components of the Point Fcrces 

The third method uses the principle that the three loads acting upon can be renlcjced 
by their three point force resultants and these point force resultants can be replaced b'- 
point force components without altering the equilibrium conditions of the system. Mutualiv 
pert^endicular components or orthogonal components are used because mut\ially peroendicular 
components deperd only on their resultant and are independent of each other. It is customary 
to make one of the components horizontal dnd the other vertical, as m.easurem.ents are usuallv 
taken from horizontal or vertical lines. Horizontal 7,, and vertical F„ (mutually perL^ndicul^.^ 
perpendicular components) of point force F ar^ independent of each other because \ caanot 
be replaced using the parallelogram law with any set of orthogonal components where eiih«r 
one of the set is vertical. 



3 




(9) 




8 



LB 



/ 5^5° (f) Fey- 30'-^ 




Men±«r M is first drawn to scale (f). F^, F^, and will be placed in order in (f) 
and then their horizontal and vertical conponents will be shown with them. 

F^ has a iragnitude of 32 lb and a direction of 20'' from the vertical so its horizonlai 
and vertical components can Le found with arithmetic equations. F"^ is drawn dashed al C. 
Then a parallelogram is dram showing Fp being replaced by horizontal (F^^) and vertical 
(F^^,^) components. The slope ( ^ = 20 ) of F is known so 



sin 0- = 



cos = 



CV 



F^^ = (32) (sin 20^ ) = 10.95 lb F^^ = (32) (cos 20'') = 30 lb 
These components can be placed at point C It is not necessary to construct them to ^} 
exact scale, but it is best to show their relationships to to scale as shown in (f). 

Fg acts perpendicular to the wall so its direction is known. Using the slope l/Dx of 
3/8/8.55 the following relationships hold 



BH 



8.55 



3 



or 



BH 



.936 F, 



^BV = -^^1 



Ihese corrponents written in terms of F can be placed on the free-body diagram at B. 



F^ acts through points A and P. The slope of F. can be measured and is 



to be 52.5 . These relationships also hold 



cos 52.5*'=: ^APJ 



^AH = -609 \ 



sin 52.5 



AV 



found 



AV 



.79H F, 



F^ and F^^ can be placed at A as shown in (f).^ 

F., Td, and F^ are concurrent at point P and can be imagined to act at P. At P for 
ABC ^ _ 

equilibrium to exist, the three point forces add to a zero resultant R, that is ^3 "** 
0. 



R.J and a zero 
n 



Tiiis zero resultant will have a zero horizontal componer 
ical conponent where \ = F^^^ + 1 + and R^ r J^^ ^ ^CV ^ ^AV 
The horizontal and vertical component sets are colinear, so using signs of f ^ and 
, the magnitudes o.: the components relate to each other as 



^ ^ BV - ^CV ' ^AV 



0) 



0 and 



* 0 :5 showTi 



4 c 5c 

Another way to visualize fnat^F^, + F^^. - Fg^. - . 
in (g).. First, since F,^, Fg, and F^^ add to zero and intersect at P, then V.^,^^, ^^^j,.. 
mst equal zero for the three point forces. Next the force T>olygcn fcr the tliree :>Dint 
forces is drawn in (g). Motice that when F^, Fg, and F,, are replaced by their vertical 
and horizontal components in (g) that F»,, + F^,,, - F 

Now using signs of and .^^ 



'AV ^BV 



^CV 



r 

• BH 



p - p + r - n 



Substituting ^<3y r >, 



'3/^ -- 



.351 - 30 + .79Ur\ = 0 



, 936F + 10.95 + .509F = 0 



Solving the two independent equations for the two unknowns gives the nagiiitudes of 



= 25. u lb 



These answers check with the other methods. Again the actual 3-D F-B diagram for 
this solution is still (c). 



Sammation of the Moments of Mutually Perpendicular Components of the Point Forx:es 

It has been developed in the fundamentals 
section that the moment of a point force is ■ 
equal to the sums of the moments of itc com- 
ponents. If the direct moments of the point 
forces equal zero with respect to any point , 
then the moments of the components of the 
point forces must also equal zero with res- 
pect to the same point. This principle will 
be used in method four. First a free-body 
diagram (A) is drawn with the three point 
forces shown replaced by their components 
as in method 3. To find F^ moments are 

D 

taken of all the conponents with respect to 
point A. Distances used are showri on the 
free-body diagram. 




.6096, 



(0)(F^) 



+ (0)(F^y) - (12)(F^y) + (0)(F^j^) 
- (12)(30) 



(8)(Fgj^) . 



(15)(Fgy) = 0 



To find F^ moments are taken with respect to point B. 



■(8)(.936Fg) + (15)(.351 Fg) = 0 

Fg : 28.3 lb 



£ Mp -- 0 

(OXFg,) . (0)(Fg,) . (8)(F^„) . (3)(r^^) . (8)(P^) _ (,5)(F,,) = 0 

+ (8)(10.95) + (3)(30) + (8)(.609F,) - (15)(.79UF ) = 0 



F^ =25.4 lb 



As always the results check with the other methods and the actual frv.e-tcdv diaj^ram i 



Conibinatic-.n Method 



a' 




ITiis ntethod is a combination of 3 and U without using point P. F-b diagram U) ic- 



drawi and F^., Fg, and F^ are replaced by horizontal and vertical components 



are shown on the F-B but their resultant F^ is not shoun. 



'CH 



, ana F' 



j^pj and F^^^ are dravm so tiiat 



-p- . . ^ i„V 

^CV approximately three times as long as F^^^,. As before F^j, = 10.95 lb and F^^ = 30 l!^ 

Now Fg is replaced by Fg^ and Fg^ in a slightly different nanner than befoire. InsteaJ 
of relating both of them to their resultant, Fg„ and Fg^ are related to eaci: other. Tj,,, 
is labeled and Fg^ = 3/8 Fg^j (remember the slope of Fg is 3/8/8.55). 

Me>rt the direction of is guessed and F^^ is reoL-cec by T^, and F^^,^. .'fo relarion-hi - 
have been established yet between?,^, F^^, and F^^^, so ?^ and ?^.. are merely shov.Ti ..ct]:.- 
through the ^ of pin A. 

^ = 0 will give Fgj, 

(12)(30) = (15) (3/8 Fgj^) + (8)(Fgj.j) 



Fg^= 26.Ulb 



Tne magnitudes of Fgj_, and Fg^ are 



F„,, = (3/8) (25. U) = 9.9 ib 

26. + 9.9 - = 28.3 Id 
now placed on the F-B diagram. 



^i F^j = 0 10.95 ^ F^^ = ?6.U 



^AV = ^^-^ 



= \/?0.1^ + 15. U5^ = 25. U lb 
The slope angle ^ that F^ makes with a horizontal line at A can be f oui^.d 
F. 



Cos ^ 



Ali _ 15. U5 
25. U 



.608 



= 52.5 



Notice in this last method that only components are drawn on the F-B diagram. It is 
best to put the rr^itudes of the components on the F-B for a quick visual check. M?;o 
the 2-D F-B need not be drawn to an e:<act scale as no measuring is done on the F-B diagraj'i, 
all measurements can be taken from the original space diagram (b). As before however the 
actual F-B diagram is still (c). 



ConbLnaticn t.->ethods will now be used to fLnd the point force r^sulta^nts o^" 
reactions on three coplanar syster.s. 

-xaniDle 1 



3v = 9 




Weightless cables OA and OB support a 26 lb load, ine ix^actions at A ard B ar^ l 



found. JB (c) is dra.;n, T is replaced by (10 lb) and f (2^ lb), B (actually T) bv 

and B (B = B^ as the slope of OB is 1/1), and A by A and A (A = i4/3 ) 
^ y X X V 

To find B 

2M^^ = 0 assujTie T acts at point C 

(3)(10) - (U)(2U) + (9)(B ) - (2)(B ) = 0 

X X 



lO l)e 



= 9, ^ ^ c /3 s 



To find A 

S M = 0 
^i.g - J 

(5)(10) + (5)(2u) - (9)(A )-(?) 



Example 2 




[4 — ^5--> 




3-F member ACD and 2-K member 3C are weightless ai^d coplar^ar. The pins are frictionlest;. 
ihe reactions at A ana B are to be found. ^ > 

F-B (c) IS dra™. BC has a slope of 6/2.5 so can be replaced by B^ and By ( 6/2.5 B ). 
A^ and A^^ complete the F-B diagram. 

^/V / ^. ^ /-^ 



<::sc 



7 




C GO 

-Txy (^O S^n <^0 

= S'/ 9 
/^/v - <^o c-o^ ^ 

/ -- ^ 

^ <^ ^ 



T^.e coplanar franB supports a 60 lb load. The reactions at A and B are w nted if all 
members are v;eightless and frictionless. 

F-B diagrams (c) and (d) are drawn, the pin at C is left in (c). All forces are 
replaced by horizontal and vertical components. It is not necessary that the components ar^. 
drav;n "pushing'^ against the fran^, for instance at B components B^^ ar.d B,^ can be drav;n 

"pulling" on the frame. 

F-B (c) can now be completed as shown in the figure. Then the components at C (C^. and C,j) 
at C on the frame (d) are equal and opposite to the components (C^ and C^) at C on the rulley 
(c). So with and known, F-B (c) can be completed. 
^^k' ^/^^ o 



2 9.^ 
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Some cardinal ^ules m engineering statics. Remember when solving for reactions using 



iF,. = 0, SR. = 0, and 2"M = 



1) Always draw F-B diagrams; put all component magnitudes as 



they are found on the F-B diagrams, this will give you a quick visual check of your work. Do 
not put spatial dimensions on the F-B diagrams, use the diinensions from a space diagraii. 2) 
Always check your work with an independent method. 3) Always do neat work that you can Le 
proud of. 

AT THIS POINT, GIVEN A COPLANAR STRUCTURE MADE UP OF 2 -F 
AND 3-F rCMBERS, YOU SHOULD BE ABLE TO CONSTRUCT A 2-D F-B 
DIAGRAM OF THE STRUCTURE, REPLACE THE LOADS BY HORIZONTAL 
AND VERTICAL POINT FuRCE COMPONENTS , AND WRITE THE FORCE 



AND MOMENT EQUATIONS NEEDED TO FIND THE REACTIONS. 



(CSC- ] 



Superposition 

Superposition is a technique used in engineering statics for finding the reactions on 
members or structures that have more than one external load. Partial reactions are found for 
eacn load acting alone and these partial reactions are then added by the parallelogram law to 
find the total reaction at each a;nstraint. 
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(UM30) + (12)(50) = (8)(B) 
B = 90 lb 

H = 0 & H = 0 

= 90 lb A = 80 lb 
X y 

A = 120 lb 



^ 30 4 so ' 80^^ k ^' 
(i|)(30) + (12)(50) = (d)(80) 
d - 9"^ 



(9)(80) 



(8)(B) 
90 lb 



E F = 0 S Z F 



A . = 90 lb 



(b) 



Ay = 80 ib 
A = 320 lb 



w. - 



B,=15 



lb 



50 



^Ib 



A 



-1- 

(U)(30) 



(e) 



(8)(B^) 
15 Ud 



i 



-2' 



lb 



30 

*Ao=SO 



\l 30 lb 



(12)(50) = (8)(B2) 
B^ = 75 lb 
A^2 = lb 
= 50 lt» 



Superposition of -1- and -2- 



B =15+75 
A =15+75 

X 

Ay = 30 + 50 
A = 120 lb 



90 lb 
90 lb 

80 3b 



Figure CSC 8 

When an object such as the one shown in CSC 8(a) and (b) is loaded at two places and the 
reactions are wanted at A and B, three techniques can be used. 

(1) A F-B diagram can be drawn to scale with both of the forces and solved as shown in(c). 

(2) The two acting loads can first be replaced by their resultant as in (d) and the prob- 
lem solved as shewn. 

(3) The reactions can be found by first assuming that acts alone as shown in (e) and 
finding the partial reactions caused by it» The partial reactions caused by W2 acting alone 
can then be found as shown in (f). By the principle of superposition the tv;o sets of par- 
tial reactions can be added to give the total reactions as shown in (g). 



The frame shown in figure CSC 9(a) and (b) is loaded by twc electronagnets C and D. It 
is assuined that the structure is weightless with frictionless pins, and each nagnet is assumed 
to set up an evenly distributed force field of 1 lb. The reactions at A and B are to be fouiiu 
using superposition. i 
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F-B diagraii (c) is drawn and coup let ed with mgnet C on and magnet D off. Notice that 
with D off, AO is a 2-F member, and the reaction at A therefore lies along the ^ of A . 

F-B diagram (d) is drawn and canpleted with magnet D on and magnet C off. BE becomes a 
2-F mejuber, and the reaction at B therefore lies along the ^ of BE. 

The partial r>eactions are superiirposed in (e) and can be visually checked by sunm^'on of 
forces. It is suggested that you prove to yourself that this example cannot be solved wxth C 

and D both on together. 

It should be apparent to you now tnat with multi-TOmber^d frames, the loads caanot be 
added to a single resultant jrictinp upon one member of the fraiae. 



10 CSC 

In figure CSC 10(a) and (b) a 20 lb wei^t is being supported by two coplanar meinbers. 
AC is a uniform member weighing 15 lb and BC weighs 13 lb. The reactions at A and B are to 



be found by superposition. 




3y, : S 



8 HI '■ 3 



(3) (2 0) : (9 J (^1/2) 



Si- z 




Simplified F-B diagrams showing only the of the members are drav;n (O, (d), and (e). 
(T) is solved with the 15 lb load acting alone,© with the 20 lb load only, and F-B Q) with 
the 10 lb load, llie partial reaction components are sumperimposed in (f).. A force arid moment 
check is mde of (f). 



NOW IF YOU ARE GIVEN A STRlfClURE COMPOSED OF WO 3-F ^€:^EERS, 

YOU SHOULD BE ABLE TO FIND THE REACTIONS USING SUPERPOSITION. CSC - 2 



Cantilever Beam Reactions 

Frequently in engineering statics it is necessary to analyze the external forces that 
would act on an imaginary cut section of a member. When a symmetrical two-force member has 
a cross section exposed in a F-B diagram, the external force field acting on this imaginary 
section is uniform, syn^netrical and act3 parallel to the center line of the member, ll^e sense 
of the field is determned by the external loads. If the loads push on the member, the field 
on the exposed surface also pushes and the member is said to be in conpression. If the exter- 
nal forces pull on the member, the field on the exposed section also pulls from the exposed 
surface and the meniber is said to be in tension. 

Exposed transverse sections are necessary to analyze the reactions at the constraint of 
a cantilever beam . A cantilever is a -ember that is rigidly constrained at one enJ ajU load- 
ed soiiiewnerp along its lengch ( e.g. a diving boar^ with a diver aix^ut to dive ). Figure 
CSC 11 shows a uniform horizontal cantilever beam which is assumed to be weightless. A nethod 
of finding the forces acting on any vertical section when a vertical load is placed on the 
beam is to be developed. 




The part of the beam to be analyzed ex-i.ends from an iinaginary vertical plane A, which is 
perpendicular to the axis of the beam, to the right end of the beam. Lines CE and IK indi- 
cate where plane A cuts the sides of the beam. Another vertical plane B, which cuts the sides 
of the beam along lines FH and LN, is shown two inches to the right of plane A. D, G, J, aiid 
M are the mid-points of their respective lines and indicate the points of intersection of a 
horizontal plane which passes through the center line of the beam. 





Figure CSC 12 

If a 50 lb load is applied to the end of the beam as sliavn in figure CSC 12, the beam 
will tend to bend. Careful measurement of a real beam loaded in this way would show that the 
distance between C and F (two inches) has increased a small increment A x whereas the dis- 
tance between E and H (two inches) has shortened by exactly the same incremental distance 
A X. The distance between D and G, however, will not change, and the two cross sections 
A and B will both r^min as rectangular planes perpendicular to the axis of the team. 

Another experiment can be performed showing that when a tension load is applied to a 
sanple of material, the samrple elongates some distance A D. When the load is increased or 
decreased, the change in A D is directly proportional to the change in the load (doubling 
the load doubles the deflection, halving the load halves the deflection, etc.), lliis rela- 
tionsMp is also fo\ind for compression tests. Furthermore, it is found experimentally that a 
given load gives the same deflection to the sample whether it is applied as a tension load or 
a compression load. From this experimental evidence it can be said that a member deflects in 
direct proportion to the load applied. 

F-B diagrams of the beam with cross section A exposed are drawn in figure CSC 13. These 
diagrams show no deflections as the deflections are very sna]! and do not significantly alter 
the shape of the F-B diagram. FF^ and F^ are known and can be placed on the two F-B diagrams.. 

The first experiment showed that naxijnum deflection occurs at both the top and bottom 
of the beam while no deflection occurs at the middle. In addition the elongation of the 
upper half varies uniformly from DG to CF and the shortening of the lower half varies uniform- 
ly from DG to EH. This is true because cross sections A and B remain as rectangular planes 
perpendicular to the axis of the beam. Therefore a force field varying from zero at JD to a 
maximum at IC must be acting upon the top half of the beam at section A to put it in tension 
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1 inch = 6 inches 
1 inch = 100 lb 



Figure CSC 13 

Each of the force fields can be replaced by a point force resultaiit acting through its 
effective center, which in this case is two inches from the centerline of the beam. These 
two point force resultants, together with the point force resultant of the load, establish a 
system of three point forces which must, by the three force principle, be concurrent at sorre 
point on the line of action of F^. F^, the resultant of the upper force field, and F^, the 
resultant of the lower force field, are equal in n^gnitude and act through points two inches 
above and below the center line of the beam respectively. Their lines of action must there- 
fore meet with the action line of F^ at point P, which is on the centerline of the beam, as 
shewn in (a) and (b). The magnitudes of F^ and F^ can then be found by constructing a paral- 
lelogram of forces as shown in (c). Force fields FF^ and FF^ have the same slopes as the 
point force resultant Fj, and F^. 

AT THIS POINT, GIVEN A CANTILEVER BEAM LOADED ON ONE END, 
YOU SHOULD BE ABLE TO VISUALIZE THE FORCE FIELDS ACTING 
ON A CROSS-SECTION OF THE BEAM AilD DETERMINE THEIR POINT 

FORCE RESULTANTS USING THE PARALLELOGRAM LW. CSC - 3 
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14 CSC 

Vertical Shears and Bending Manent Couples on Cantilever Beams 



1 inch = 6 inches 
1 inch = 100 lb 
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The 3-D F-B diagram of the cantilever beam with its 

loads is redrawn in figure CSC 13(a) and the ti/o-diinensional 

F-B diagram is redrawn in (b) with the three acting uvLnt 

forces F,^, F^, and F^ . Sometimes it is convenient to 

replace the point force reactions by mutually perpendicular 

conrponents as in (b) where F^ is replaced by F^„, and F,,„, 

_ i_ _ in iV 

and F^ is replaced by F^^^ and F^^. F^^ and F^^ can in 
rum be replaced by a single vertical coiiponent V, as shown 
in (d) . This vertical coirponent is called the vertical 
sheai\ The remaining conponents F,^ and F^^^ are coplanar, 
equal in mgnitude, and opposite in sense, with their lines 
of action displaced a distance (in this case four inches) 
apart. 'Hie t-wo horizontal point force conponents form a 
point force system that is called a couple which for a 
cantilever beam is called a bending moment couple. 

The point force components representing the couple and 
the vertical shear can be found using arithji^tic equations. 
F^p F^5 and F^^ and their components obey the three-force 
principle. Therefore in (d) for tjr^^, F^^, V, and F^^, 

V = 50 lb 



EF^ = 0 



0 



Fl ';re CSC lU 



F = F 

(2)(F^^) + (2)(F^j^) = (8)(50) 
U F^^ = UOO 

F(j^ = 100 lb T^^ = 100 lb 



CSC , IS 

Another cross section sex/en inches from the right end of the beam is to be investigated 
for the nagnitudes or its vertical shear and couple. A three-dimensional F-B diagrarr is 
drawn in figure CSC 15(a) shaving FF^^ and F^^, and a tu'o-dimensional F-B diagram is drawn in 
(b) showing F^. At the exposed section, V is shown acting vertically, ana E^,, and F^., arc 
drawn horizontally 2 inches from the beam ^ . 




Now 
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Figure CSC 15 



V = 50 lb 

F = F 
^TH ^CH 

(2)(r^) + (2)(Fp^^) 
^ F^ = 360 



(6)(50) 



\ = F 
^TH ^CH 



75 lb 



The vertical shear is found to be 50 lb acting vertically upward, and the bending moirent 
couple consists of two 75 lb parallel point forces acting horizontally 4 inches apart as 
shewn in (b) . 



AT THIS POINT, GIVEN A CANTILEVER BEAM LOADED ON ONE END, 
YOU SHOULD BE ABLE TO FIND THE VERTICAL SHEAR AND THE 
BENDING MOMENT COUPLE ACTING ON ANY VERTICAL CROSS-SECTION 

USING FORCE AI^JD MOMENT EQUATIONS. CSC - ^ 




reactions on the two sipporting surfaces (a) using a forc§ polygon, and (b) 
^ using noient equations. 
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UNIT 7 
ENGINEERING FRA^ES 

AT THE END OF THIS UNIT, GIVEN A 3-D DIAGRAT-I OF AN ENGINEERING 
FRAME SUPPORTING A LOAD, YOU WILL PE ABLE TO FIND THE HORIZON- 
TAL AND VERTICAL POINT FORCE COMPONENTS OF TliE FORCE FIELDS 
ACTING ON THE CONTACT SURFACES OF ALL THE l^MEKKS OF THE FRANIE. 




Figure EF 1 

The chree stationary loaded structures in figure EF 1 are engineering frames. Frames are 
used to support loads and are assumd to be made up of weightless and rigid 2-F and 3-F num- 
bers joined with frictionless pins. The francs in this unit are syimetrical about a vertical 
plane which contains the centerline of each msniber of the frane including the load, the thrce 
frames then are called coplanar systems. 

The horizontal and vertical point force components of the force fields acting upon each 
member including the pins of the three frames in figure EF 1 will now be found. 



EF 



1 




EF 




(6) 

Figure EF 2 

The first frame to be analyzed is drawn to scale in figure EF 2 in 3-D (a) and in 2-D (b) 
with dimensions. Next 2-D F-B diagrams of the whole frame and each member are drawn in 
figure EF ^. The first step in drawing a F-B diagram is to draw each nember to scale without 
showing any components. At each contact surface a foroi field acts. Each force field is me^- 
xanv replaced by a single point force and this point force is in turrx replaced by horizontal 
and vertical conponents using the parallelogram law . Only these coiponents are shown in the 
F-B diagrams. Although these components are abstract, it is easier to ijnagine that the conpo- 
nents are actually active on the numbers. 

Assume now that the. F-B diagrams in EF 3(a) and (b) are drawn without any coi^xDnents 
shown. Each set of conponents at each contact surface will now be added to each F-B diagram. 
Arrowheads and magnitudes will be omitted except for the load until later, since it cannot 
be determined by inspection which dix->ection the conponents are '^pushing" against the nembers. 
The directions and magnitudes will be trien found using arithmetic equations. It is only 
necessary at this time to show the lines of action of the conponents. 




Figure EF 3 
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F-B (w) will be analyzed first. and f/^ act on the exposed surface of the woighiies.. 
rope. Both and R^. are single corponents and are given a single slash as sha>m. At the 
le:&t;^^end^ of (w) a single load acts. It is replaced by and but without arrowheads. F,^. 
and actually represent a single force field which acts against the rope, however, they are 
drawn as if they act through the ^ of the reiroved pin F. F^^ and F^ are single slashed. The 
lengths of the conponents need not be drawn to scale. 

The F-B diagram for pin F is next. It has a load caused by the rope and two syirmetrical 
loads caused by member DF. The load caused by the rope has two ooirponents which must be equal 
and opposite to ?^ and F„ on (w 



These are drawn as F^^ and F^^ and act through the ^ of 



Fy2 and T^^ double slashed to shew that they actually represent two force fields. 



the pin 

Figure EF 3(c) is an exploded isc^tric drawing of the joint at pin F and clearly shov;s hw 
pin F is loaded by one force field caused by the rope and by tvra force fields from member DF. 

F-B @ has a set of double ccxiponents T^^ and F^^ "^^^"^ equal and opposite to F^^ 
and on pin F. Ey and are caused by AE acting through the removed pin E. At pin D 
double slashed point force components and are caused by member DC. 

It is not possible to determine whether the couponents come from single or doubl-- rcr^ 
fields with 2-D drawings, you must r^fer to the 3-D diagram figure EF 2(a). 





Figure EF 3 



The point force conponents C^, A^, a:id A^^ can now be placed in F-B diagram (T) in fi^ion? 
EF 3(a). Cy, Ay, and are all single slashed. 

Following the above procedure, you should noi-; be able to analyze the rest of the F-B 
diagrams yourself. The joint at pin B is shov;n in isometric in figure EF 3(d) to help you. 
Four things should be apparent to you in your study of the F-B diagrams: (1) all the loads 
are replaced by vertical and horizontal coirponents, (2) the H and V components ar^ left with- 
out arrov^eads except the external load and are not drawn with their lengths to scale, 
(3) wherever a component represents a single force field, it is single slashed, and wherever 
a component actually represents two force fields, it is double slashed, (4) the loads betv/een 
connecting nBmbers (usually numbers only connect with pins) are equal and opposite force 
fields, so their sets of conponents are equal and opposite. For instance, and Bj^ on DC are 
equal and opposite to B. 



5pj2 ^* 



jy-^ and Bpj^ on pin B, and B^j^ on AE are equal and opposite to 




Figure EF U ^ ^ 

The frame and all the F-B diagrams are redrawn in figures EF U and EF 5. The magnitudes 
and senses of all the exponents will now be found using the parallelogram lav; in force and 
jromsnt equation form. As the coiiponents on each F-B diagram are found, their magnitudes and 
senses v;ill be placed on the drawings* 
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rF, = o 



24 lb 



= 10 lb 
ZF^ 



H 



24 lb 



F^ = 10 lb 



" ^' " Y 

The arrowheads and magnitudes are now placed on the F-B diagrairts. 

F,,, and F„, are equal and opposite to F^ and F„ on V/, so 



F^^ = 10 lb 



V 

^Hl = 



ZTy and 21 Fy 



^H2 = lb 



= 10 lb 



F-B diagram (?) can now be cx>npli2ted. 

^H3 ^V3 ^ opposite to Fj^2 ^V2 °" ^* %3 ^V3 "P^h" 

= 0 (A is the center of pin A.) 

(37)(Fy3) + (2'4)(F^3) = (25)(Cy) 

(37)(10) + (2U)(2U) = (25)(Cy) 

£Fj^ and ZF^ = 0 Aj.j = 24 lb 



against (T) but can 
be shoi-m "pulling") 



Cy = 37.8 lb 
Ay = 27.8 lb 



EF 



F-B o: 



F„3 = 2k lb 
(30)(Fy3) ^ (25)(Ey) 



Fy3 = 10 Ub 



(30)(10) = (25)(Ey) 



(D is the center of cin D. ) 



E = 12 



F-B @ 
F-B (dcI 



ZFy=0 Dy = 21b and cannot be found yet. 
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V3 



2 lb 
2 lb 



= 2 lb 



E^j^ and Di^2 unJcnown noif. 

(9)(Dy3) + (12)(E^.3) = (9)(C,^) 

(9)(2) + (12)(a,,) = (9)(37,8) 
no 



D..3 = 26.9 ll 



ZFj^ and ZF^ = 0 



39.8 lb 




Bj^ = 25.9 lb 



lb 



3^,-39.8. 



27.8 




lb 



By =3^.8 



F-B 
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E^2 = 26.9 lb 


= 26.9 lb 


F-B 
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= 26.9 lb 


ZF„ = 0 E.. = 2 
X ri 


F-B 
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lb Ey^ = Ey2 = 12 lb 


F-B 
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Ey3 = 12 lb 


^3= 2.9 1b 






ZFj^ and ZF^ 


= 0 Bj^3 = 26.9 IL 


F-B 


(D 


Bpj^ = 26.9 lb 


By^ = 39.8 lb 






Bj^2 = 26.9 lb 


By2 = 39.8 lb 






2Fj^ = 0 


ZFy = 0 
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both from 

both from 
Checks . 



39.8 lb 



Figure EF 5 





Figure EF 5 

The second frams from EF 1 is redrawn in EF 5(a) and (b). Again the frBme is considered 
to be rigid and weightless, tlie pins frictionless, and the frams and all its memberb symmetri- 
cal about a vertical plane through the ^ of the rope. The conponents of the loads acting on 
all the members are to be found. F-B diagrams are drawn in EF 7 and EF 8. Pin C is shown in 
isometric with its connecting members in EF 8(a) . 
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Figure EF 7 



® 



GF is a 2-f member. 



Ay = 39 lb 



(10)(39) = (5)(G.,) 
n 



= 78 lb 



(?) pulley 
© pin 



Aj^ = 78 lb 

It IS kna^ by inspection that il- = ^ = " 

?^ and Ppj are found by inspection 



W^^ = 36 lb 
By inspection 



W^j^= 15 lb 
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3,= 61.45'^ 



























78'^ 




= 175'^ 



3.45'^ 



8^3=^6145'^ 



= 61.45'^ 
B„, =95.5'^ 

Ly,=58.45\ 



58.45'^ 



Figure EF 



D„2 '110.5"' ^ 



@ 

© 



By inspection 



ZX^^ /A 



^..^ - . ...:\) \ = 110.5 lb 

Cpjj^ = 32.5 lb and C^^^ cannot be found yet. 

C^^ and C^^ are equal and opposite to and C^^ in (w) 
C^^ = 15 lb C^^ = 36 lb 

Cpj2 is equal and opposite to C^j^^ from @ C^^ = ^^.5 lb C^^ =17.! 
Cpj^ = 17.5 lb ZMg = 0 (2.5)(17.5) + (5X0^3) = (1)(78) + (2)(39) 
and B^j are now known. C^^ = 22.45 lb 25"' 

All by inspection 
Checks 

' AC 




@ 



S/5= 22.45 lb 

e.75'^- 

8.7S'^ 




■29.225 




Figure EF 3 



The third fraTie is redrawn in figure EF 9, and F-B diagrams of all the men^er^ ar^ shown 
in figure EF 10. The horizontal and vertical conponents on pulleys D and B and pins D and B 
can be found as before. However, when F-B aiagrams ® , @ , and @ are drawn, no moTOnt 
equation can be v/ritten that will have only one unknown. On F-B (T) a noment equation £ = Q 
will relate E^^ and E^. On F-B (CE) 2 = 0 will also relate and E^. These two equations 
with two unknowns can then be solved. The procedure is shown below. 



® 

& 
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® 



® 



pulley 
pin 

pulley 
pin 



= 18 lb 

All known now. 
B^ = U8 



2U 



Rest by inspection. 
By inspection 



Known now. 

Bpj2 By^ known from pin B. 
Dy^ and I^^ known from pin D. 



(3)(30) + (Ul)(30; = (36)(Ej^) + (U8)(Ey) 



-- 0 



0)(12) + (U)(2U) = (6)(Ej^) + (30)(Ey) 

Slight rearrangement of the above equations yields 

6 + 8 = (3)(5) + (Ul)(5) = 220 from Q, and 

6 Ej.j + 30 Ey = (20)(12) + (i4)(2U) = 336 

Si-niLl.taneous so^ 'tion of these equations gives 
Ey = 5.3 lb and = 29.6 lb 



EF 9 

All the F-B diagrams can now be coipleted and the actual ].oads at each contact surface 
can be found. For instance, (E^^ + Z^Y^ = E, where E is the nagnitude of the ^orce field 
acting at constraint E. 
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Figure EF 10 

NOW IF YOU ARE GIVEN A LOADED ENGINEERING FRAME, YOU SHOULD 
BE ABLE TO HND THE POINT FORCE COMPONENTS OF THE FORCE FIELDS 
ACTING UPON EVEKif MEtlBER OF THE FRAME. 



EF-1 



UNIT 10 
TRUSSES 



AT THE END OF THIS UNIT IF YOU ARE GIVEN A SPACE DIAGRAM OF 
A TRUSS, YOU SHOULD BE ABLE TO SOLVE FOR THE TORCES IN THE 
TRUSS MEMBERS USING (1) THE METHOD OF JOBTTS, (2) THE METHOD 
OF SECTIONS, AND (3) A COMBINED DIAGRAM. 



Introduction 



A fnamework conposed of I-beams, channels, .s, bars, and other special shaped engin- 
eering members that are joined only at their ends to form a rigid structure is called a 
truss. Bridges, roof supports, and cranes are usually made up of combinations of trusses. 
Each truss is essentially a series of connected triangular shapes. In this unit only coplanar 
trusses will be considered. An example of a typical coplanar truss is shown in figure TR 1(a). 
The bridge actually consists of two coplanar trusses joined by the cross beams. The bridge 
deck has been anitted in (b) to show how the members supporting it transfer the loads from 
the deck to the bottom joints of Jhe two trusses. 
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Figure TR 1 



\detxhzed as 
^icHo\\es% roller 

(b) 



For purposes of analysis, the truss is idealized by making sore assumptions. (1) The 
individual meiii>ers are considered to be wr ghtless, rigid, and coplanar. (2) The mambers 
are connected at each joint by a single ationless pin (as shown in the isonetric, the 
actual conJiection could be a welded or riveted gusset plate), and no nember is continuous 
through a joint. (3) All the loads are assumed to be applied only on the pins and at each 
joint the ^ s of the members and the ejctemal loads are coplanar and concurrent with the 

^ of the connecting pin. With these assunptions and idealizations, each truss is a 
coplanar system, each joint is a concurrent system, and each jmnber is a 2-F nember capable 
of resisting either pure tension or conpression. 



TR 



1 



Some external loads have been assumed at 
by vehicles, wind, and "d>e weight of the road 
acting on the members ^'dll now be found using 



joints T, U, and V. These loads are caused 
bed. The px:>int force resultants of the loads 
three different methods. 



Method of Joints with Conponents 

The F-B of the idealized truss is shown in figure TR 2, Since every member is consider- 
ed to be 2-F and the forces at each joint are concurrent, only the i 's of the members are 
drawn. The loads are replaced by their point force resultants and are in Jcip (1,000 lb) units. 
Before the forcjes in the meirbere can be determined, the unknown sipport reactions Fj^ and 
must be found. 




The connection at R is a smooth 
roller so the direction of is 
known to be vertically i^ard, but 
the direction of the reaction at 
W is unknown by inspection so 
F^ is drawn as a wavy arrow. 
Fj^ can be found by taking mOTents 
about W. 



LI^ ^ 0 -121 X -3] 

(-121 + 165) X (-1 -2]) 
-28i X (-1 -3]) 
-UOi X Fj^] =0 



+ 
+ 
+ 



which gives Fj^ = ^ and Fj^ = U] 



can be found by sujiming forces. 5" F = 0 + (i - 2j) + (-3j) + (-1 - 3]) + (Uj) = 0 

= 2i + U] and F^ = U.UT^ 

The F-B diagram is redrawn in figure TR 3(a). A convenient system for referring to ctll 
the point forces acting on the membere of the truss is called Bow's notation. This consists 
of placing a small letter in any space that is between two outside forces or two numbers as 
shown. For joint R Jie forces reading in a clockwise order are called if, fe, and ea as 
shown in (b). For S the forces are ah, Hg, gf, and fa as shewn in (c). Joint point forces 
are always i>ead in a clockwise order. 
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Joint R will be analyzed first sinoe it contains only two unknown forces. The point 

k 

forces acting on its two menibers due to the 4 load vdll be found. 
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Figure TR 4 



In figure TR 4(a) a F-B diagram is drawn of joint R with the ^ load ea and the (fs 
of the two unknown forces af dnd Next a? is replaced by hox^zontal arid vertical 
components as in (b). S F^ = 0 gives af „ = 4^ as in (c). The slope of aF is 4/3 so af^ 
k 

= 3 as shown in (d). ^ F^ = 0 in (e) gives fe = 3^, F-B (f) shows the actual point force 
resultants af and fe that act on members RS and RT, Force a? acts toward joint R, so it 
puts member RS in compression (C). Force fe acts aw^ fran joint R, so it puts RT in tension 
(T). All of this work could be done on one F-B diagram. 

Now joint T cen be solved as it has only two unknowns. 
First external load di is replaced by horizontal and 
vertical conponents. Member RT is in tension so and its 
force arrow on joint T still points away fran the joint, 
so point force of on joint T is equal and opposite to 
fe on joint R* Now fg and gd can be found by sujnrdng 
forces horizontally and vertically. 

Figure TR 5 
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Joints S, U, V, and W can be solved in the same manner. A joint can be solved when 
it has two or less unknown point forces. All the joint F-B diagranB are shown related 
to each other in figure TR 6. 




The horizontal and vertical oonponents are usually left on the F-B diagrams and the 
actual point forces with their T or C labels are placed on each member. 



AT THIS TIME, GIVEN A OOPLANAR TRUSS, YOU ShJDULD BE AB^i! 
TO FIND THE POINT FORCE RESULTANT OF THE LOAD ON ANY MEM- 
BER USING THE METHOD OF JOINTS. 



Method of Sections 




TR • 5 

The 3-D space diagram of the truss from figure TR 1 is redrawn in figure TR 7(a) ard the 
2-d F-B diagram is redrawn in (b) with all the outside loads shown. This time the point force 
resultants of the loads on members SU, SV and TV (aJi, hg and gd) are to be found using the 
method of sections. 

A cutting plane A-A is drawn throu^ the F-B diagram as sha^^n in (b) . Another P'-B 
diagram is then drawn of the portion to the left of the cutting plane as shown in figure TR 8. 
This F-B diagram is in equilibrium so ah, hg, and ^ become the point force resiiltants of 
external loads and can be found ijsing force and manent equations. 

J* ^ oh 



Figure TR 8 
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Taking mcronts about point S will involve only one 
unknown g3. Assume TV to be in tension, 
^Mg = 0 

-16] X (-T-3]) + (-16] - 121) X (U]) 
+ (-16]) X (gdl) =0 or -16lc - 48Jc + 16gdJc = 0 
gd = 4^ and gd = 4l 

Member TV is therefore a tension nembe- with 
a force magnitude of 4^. 



Assume SU is in tension. 
X (-1 
48]c 



5My = 0 

(-16^ - X (-1 -3]) + (-161 + 16]) X (ahl) + (-281) x (^3) = 0 . ( 

^ ah = .41^ 



sign means wrong 



16aJiR - 112 K = 0 ah = 4^ ah = direction assurnsd for aH) 

Member SU is a coipression member, its point force resultant is 4^. 
- 0 will give hg and hg (^3> + (-i - 3]) + (4l) + (. i^I) + (fig) = q 



= ^ ■ 1 



hg = 



l2.l2 



= 1.4^ 



Member SV is therefore a tension member with a force magnitude of 1.41^. The 
completed F-B diagram is shown in figure TR 9(a). This F-B should check by sumning 



forces ^ F = 0 



ah + hg + gd + F^ + F^ = 0 



1 components 
j oonponents 



4i + i 
-4 + 1 + 4 
-1-3 + 4 



3 'H - 1 



3] + 4] = 0 



1 
0 



i 




Figure TR 9 
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Of course the other half of the truss is also in equilibrium as shewn in (b) , 
Sunination of forces and irDnents will show Uiat F-B (b) is correct. 




The nethod of sections will now be used to find the point force resultants of the loads 
acting on nenibers A, B, and C of the derrick in figure TR 10(a). The load of 16 is being 
raised with no acceleration. An idealized 2-D space diagram of the coplanar truss that 
contains nerabers A, B, and C is shown with dimensions in (b). 



Figure TR 11 
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The F-B in figure TR 11(a) is used to find the conponents of the loads on the cable, 
and the F-B in (b) is used to find the conpcr.ents of the load on the pin at Y. Now the 
F-B diagrani shown in (c) can be drawn and -Jhe irethod of sections used to find the point 
force resultants of the loads on A, B, and C. 
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To find Fn assume it is a tensirai force and take moments about Y. 



2:My = 0 (-I2T - 63) X (3l - 4j) + (-24i - 12j) x (-.707FgI + .707Fgj) = 0 
481? + 18lc - 17FgIc - 8.5FgIc = 0 

F- = 2.59'^ 



7c = |-2/(?^^2/^^-''''^'-''''^ 



To find Fp assuns it is a oorpression force and take ncments about Z. 




- 96k + 18lc - 244Tc + S.STF^^ + 10.74F^ = 0 

F„ = la.s'^c 



Check by sunning point forces. 
+ + + (31 - 43) + (-81 - 43) = 0 

F^ = - 5.5i 

Fg = -.707 (2.59) I + .707(2.59)3 = - 1.821 + I.823 
= .894 (13.8) 1 + .447(13.8)3 = 12.41 + 6.23 

-5.5i - 1.82T + 1.823 + 12. 3i + 6.23 + 3i - 4] - 81 - 4 j r 0 

i oonponents - 5.5 - 1.82 + 12.4 +3-8=0 

j conponents +1.82 + 6. 2-4-4 = 0 

The values of F^, Fg, and F^ are usually placed on the F-B diagram after they are 
checked as shown in (c). 



NOW YOU SHOULD BE ABLE TO USE THE METHOD OF SECTIONS TO 
FIND THE POINT FORCE RESULTANTS OF THE LOADS ACTING UPON 
MEMBERS OF A GIVEN COPLANAR TRUSS. 
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Maxwell Diagram or Combined Force Polygons JR 

The point force resultants of the loads acting on all the rrenbers of the truss in figure 
TR 12(a) will now be found by using a graphical technique called a Maxwell diagram. The 2-D 
F-B diagram is drawn to scale in (b) and the reactions at the constraints found previo^jsly 
are placed on it as single point foixes with their correct directions. First a 2-D F-B 
diagram of joint R is drawn as shown in (c)- Next a force polygon of the three point forces 
is drawn to scale starting with the known force ea and continuing in a clockwise order 
with af and fi as shown in (d). Forces if and fi are then scaled and put on the F-B diagram 
as in (e). Forx^e if puts neniber RS in compression and force fe puts member FT in tension. 



Figure TR 12 




The F-B diagram for joint T can be solved as it has two unknown forces. Force de is 
known and since ef =-fe, force polygon (g) can be drawn beginning with de followed by ef, fg, 
and gd. Forces fg and gd can be scaled. Members ST and TV are tension members with loads 
of 3^ and 4^. 

This procedure can be continued joint by joint as shown in figiire TR 13(a). Each force 
polygon is drawn around its joint. The scales have been enlarged in figure 13 for clarity. 
All of the force polygons will now be canbined into force polygon. 

The procedure starts by drawing to scale the point force polygon of the outside loads as 
shown in (b). This consists of point forces ab, 5c, cd, de^ and ea plotted in a clockwise 
with their arrowheads drawn. 

Now beginning with ea, polygon eafe(l)can be drawn superimposed upon (b) as shown in (c). 
No arrows are put on af and fe, but their directions must be visualized as indicated by the 
half arrows in (c). The nagnitudes can then be measured and the forces listed as af = 5 C 
and fe = 3^. 

Polygpn@defgd can be drawn iqx^n (c) as shown in (d). Note that ef is opposite to 
fe inQ. The polygon gives fg = 3^ and gd = 4^. 

Polygon(J)can be si^rinposed i^x^n (d) as shown in (e). This process can be continued 
with polygons ©^(s), and® until (f) is conplete. This combined set of force polygons is 
called a Maxwell diagram. With only a single F-B diagram of the truss, this combined 
di'agram give?; graphically the point forces acting upon each member of the truss. 



© 


af = 


5^C 




f e = 




© 


f g = 
gd = 




© 


ah = 






hg = 


i.m^c 




Figure TR 13 

The main difficulty students have when constructing a 
Maxwell diagr^am is in determining whether the meirfbers are in 
conpression (C) or tension (T). You must visualize the in- 
dividual joint F-B diagrams as in TR 13 and irentally place 
the arrofis representing the forces on these F-B diagrams. 
If the arrow points toward a joints the nember is in ccwi- 
pression. If the arrow points away frcm the joint, the 
member is in tension. 

Always start with the outside forx:^ polygpn as in 
TR 13(b). This polygon has arrcx^eads, and it must close 
or you have nade a mistake in calculating the reactions. 

If you are neat and careful, the last joint polygon (s) when si?>erijiposed on (f) will also 
close. 
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Another brief exanple of the construction of a Maxwell diagram for a truss is shown in 
figures TR 14 and TR 15* This exairple should be carefully studied before you attenpt to solve 
any problejns this way. The isometric space diagrtun and its 2-D F-B diagram are drawn to scalr 
in figure TR 14(a) and (b) with the loading shown on (b). In (c) and (d) the reactions 
are found graphically* 
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Figure TR 15 

In figure TR 15(a) the 2-D F-B diagram is drawn to a larger scale and Bow's notation is 
applied. The cariined diagram is constructed (f). Firet the outside force polygon abcdefa i« 
constructed to scale with its arrov^eads shewn. Either joint fagf or efle can be drawn next, 
and the renaining joint force polygons drawn one by one. The forces acting on each neniber are 
shown in (a) with their magnitudes and proper C or T notations. 



AT THIS TIME WHEN YOU ARE GIVEN A LOADED COPLANAR TRUSS, YOU 
SHOULD BE ABLE TO FIND ITS REACTIONS AND IHEN EEND THE TORCES 
ACTING ON EACH MEMBE ( OF THE TRUSS USING A MAXWELL DIAGRAM. 
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UNIT 12 
HYDROSTATICS 

AT IHE END OF THIS UNIT IF YOU APE GIVEN A FLAT COMPOSITE 
SURFACE SUBMERGED IN A STATIONARY FLUID, YOU WILL BE ABLE 
TO FIND THE POINT FORCE RESULTANT OF THE FLUID PRESSURE 
ACTING AGAINST THE SURFACE. 



Introduction 

In the work so far in engineering statics, loads have been applied to solid objects 
by other solid objects or by gravity. These loads were always distributed loads and in 
rrost cases for analysis were replaced by their point force resultants. In this 'unit flat 
surfaces will be submerged under a fluid and the distributed loads caused by the fluid 
will be replaced by their point force resv.'^^ts. The fluids used will be stationary and 
rion-compressible. A non-compressible stationary fluid is found from experimentation to be 
unable to exert any friction forces, that is it can exert only nomal forces on any surface. 
Developement 




The tank in figure HDS 1 is filled with water. The point force resultants of the 
distributed force fields that act upon flat surfaces A, B, C, and D are to be found, ihe 
dimensions and locations of each surface will be given as it is analyzed. 

HOS 
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Water is a non -compressible fluid. Any stationary surface submerged in stationaxy 
water has a distributed load (a force field) acting upon it due to the water, lliis dis- 
tributed load is generally called a hydrostatic load. The intensity of this force field 
is called pressure- This pressure (force field intensity) depends only upon the depth 
anc the density of the vater above it. Also it is found from experimentation that the 
y.'.^t}suve at any depth acts perpendicular to any surface at the same depth with the sa-ne 
intensity. That is the pressure at any depth, for a static fluid is constant in any 
direction. 




The weightless pipe F has been inserted into the tank of water to a depth h. 'Yhen 
the lower end has been sealed by plate K The pipe full of water is then removed from the 
tank. Plate H is then mentally removed in (b) and a F-B diagram of the pipe filled with 
water in drawn. 

It is assumed that the air pressure is negligible so there is no force field acting 
on the upper free surface S. One force field caused by gravity acts vertically downward, 
it is distributed throughout the complete volume of the water but is represented by TT^ 
acting as shown. When plate H is mentally removed, force field acts upward to keep 
the water in the pipe. FF^ is uniformily distributed over area A. In (c) force field 
FF^ is shown acting against plate H. FF^ is equal and opposite to FF^* Now looking at 
FF^, eacli individual half arrow can t-e thought of as the intensity (pressure) of the 
force fit;ld. Press^jre P2 on FF^ is equal to pressure p^ on FF^. F-B diagram (d) can now 
be drawn of the pipe filled with water with F^ and F^ replacing FF^ and FF^. 



H OS ^ 

Nov.- letting V equal the volume of the water, A the lower surface of the water, y the 
derisity of the water (.0361 Ib/cu-in), the pressure of FF^ (P2A = FF^), and p the pr^ssur^ 
of fFg (P3A = FF3), the relationships will developed bet^s-een P2, P3, A, h, and y . 

^/ao /^"/^ -0/3 



'""""^ "'^'""^ ^ ^^^^ i= equal to h ti^ues the density 

TL'lvII'p 1" " ' relationship because doubling h doubles the pressure, halvi;>g 
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Nov; portion E of the tank is redrawn in figure HDS 3. The force fields and their 
intensities (pressures) acting agaixist surfaces K, L, and M will be analyzed. 

Surface K is at a constaiit depth h, so its force field YY^ will be a uniform force 
field acting perpendicular to K. Its pressure p = hy and of course is uniform over area K. 
That is p^ = p^ = P3 = p = h 5r . 

Vertical surface L has a distributed force field FF^ acting perpendicularly against it. 
This force field intensity (pressure) varies linearly from zero at the free water sur^face 
to pressure p^^ = h )r at height h. Also pressure = h^ ^ and pressure p^ = h^ 4- . 

Sloping surface M has a force field FF^ that acts perpendicular to its surface as 
shown. Since the intensity (pressure) at any point is directly proportional to the height 
to the free surface and y of the fluid, pressure p^ = ^3^5 pressure p^ = h^jr , and 
pressure F7 = ^ ^ • Sane of the pressures on the three surfaces are sumnarized in the 
figure. 



HD5 




Now IcxDking at surface A in figure HDS 1, the point force resultant of the force field 
acting against surface A due to the water pressure will be found. 

3-D diagram HDS U(a) is drawn of surface A, Force field FF^ acts against the surface 
with its intensity (pressure) being a minimum on the top of the surface and varying linearly 
to a nvaxijnum at the bottom of the surface- The point force resultant F^ of FF^ is shown, 
its magnitude and line of application are to be found. 

In (b) the surface is redrawn in 3-D with the force field deleted for convenience and 
dA is drawn on the surface dijnensioned with y and x as shown* Line OS is the intersection 
of surface A and the free water surface. Vertical line OV is any arbitrary vertical line 
that intersects OS. 
<if OH <if\ ^ pd/^ df\ 

f oy^ A ^ f^cIF }fJ^ydA which is times the first monent of A with respect to OS 

So the magnitude of F. is ^ (the density of the fluid) tijnes c (the distance from the froe 

fluid line to the centroid of the surface A) times the submerged area A, 

Now the distances b and e to the line of action of F^ will be fcund* Vertical 

distance b will be found first* Remember for force field FF^ that the moment of the 

resultant point force F^ equals the sum of the manents of the distributed forces in the 

field with respect to any point or line* 

So with respect to OS 
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called the monient of inertia of surface A with respect to OS (the free surface). 
The tenn cA is the first moment of surface A with respect to OS. 

Nert the arbitrary vertical line OV is drawn. Distance e will now be found. 



-^xy called the product of inertia of the area with i^espect to axes OS and OV at 

point 0 (the intersection of OS and OV), cA is the first moment of the ax^a with re?pe 
to line OS. 



I I 

Tne two terms t> = ^ and e = actually locate the centroid of the volume of force 

field FF^. 



now a statement can be made. The n^gnitude, direction, and line of action of the 
poLn". foix:e resultant of the distributed load acting upon a vertical flat surface A 
sutynerged in a static fluid can be found. Its negnitude is F = cA where ^ is the densi 
of the fluid, c is the vertical distance from the free surface of the fluid to the centroid 
of surface A, and A is the total area of surface A, 

The point force resultant F has the same direction as its force field FF. Its line 
of action passes through the centroid of its force field. The centroid can be found by 
I 

^ ' cA ^x ■'■^ "^^^ moment of inertia of the subnerged surface with respect to the 

intersection of the submerged surface and the free fluid surface. This line 
will be called OS. 

cA is the first moment of the submerged surface with respect to line OS. 
J b is the vertical distance from line OS to the point force resultant F. 

^ = ^ is the product of interia of the submerged surface with respect to the 

intersection of OS and any arbitrary vertical line OV that intersects OS. 
cA is the first moment of the surface with respect to line OS. 
e is the horizontal distance fron line OV to point force resultant F. 



Vertical Surfaces 
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The single point force resultant of the hydrostatic load acting on the triangular surface 
B will now be found. Surfcce B is redrawn in 3-D and 2-D in figure HDS 5 and its dijnensions 
are shown. The top of B lies on the free vater surface. Its force field FF^ is shown with 
its r-esultant Fg, Now the magnitude and line of action of F^ are to be found. 
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The single point force resultant of the hydrostatic load acting upon composite surface 
C will now be found* The surface is redrawn in figure HDS 6, It is then replaced by the 
rectangular And triangular surfaces • 
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Fir^t the, r?7c^^y\(to/cfe o-f th^ -Force /s -f-ooind^, 
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SlopLng Surfaces 





The point force resultant of the distributed load aciing on sloping surface 0 will rr-vs- 
[)e found. First 3-D and 2-D diagrams are drawn in figure HDS 7. Ne>ct the point force 
r^^^Saltant and its location will be derived analytically. The intersection of s' rface D v;ith 
an extension of the free water surface is labeled OM. Line ON is a line parallel to surface 
D. Eleinent dA is chosen a distance a below the water surface 



A' 



As before for a vertical surface the nvagnitude of F on a sloping surface is ^ lijnes 
c (the vertical distance to the centroid of the surface) times the submerged area. 



l>ie line of action of F^^ is needed. 
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Mow the point force resultant of the hydrostatic load acting on surface D will be found 
when c = 11 inches, ■&■ - 30", and the diameter of D is 7 inches. Distance s to OM is then 
11 / sin 30° = 22 inches, ON is drawn 2 inches frcm the edge of surface D. 



^-^^ = (•0 3<i, /)(/ 'J (3 a <f. J ■= y^.S /6 
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Distances b and e locate the centroid of force field FFj^. Whenever the surface is 
symmetrical (I = 0), its force field will be symmetrical and distance e can be found by 
inspection. That is in this example will lie on yy. 
ilnsineerihg Applications 





Plate P in figure HDS fi weighs 85 lb and is held in a wooden trough by friction less 
pins at A and B. The plate makes a snug fit with the sides and bottom of the trough. The 
pin reactions are to be found with the water level as shown if all contact surfaces betv;een 
P and the trough are considered to be frictionfree. 
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3-D and 2-D F-B diagrams are drawn, Fp is known- must be four^d 



f-B diagrams. 
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The syncnetrical gate is centered over a 10 inch diameter opening. The upper half of the 
gate is acted upon by water, the lower by fluid mud. The weight L needed to keep the gate c 
closed is to be found, also the components of the load on A. The gate is assumed to be weig 
weightless and the pin at A frictionless. 
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3-D and 2-D F-B diagrams are constructed of the gate with the pin at A mnoved. The 
loads from the water and the mud will be handled separately. 
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be U.65 inches above the plane separating the mud and the water. 
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NOW IF YOU ARE GIViN A FLAT SURFACE SUBMERGED IN A STATIC FLUID, YOU SHOULD 

BE ABLE TO FIND TOE MAGNITUDE AND LINE OF APPLICATION OF TOE POINT FORCE 

RESULTANT OF THE HYDROSTATIC FORCE FIELD TOAT ACTS UPON THE SURFACE. HD2-I 
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UNIT 13 
VIRTUAL WORK 



AT TOE END OF THIS UNIT IF YOU ARE GIVEN A SINGLE MEMBER 
OR A COMBINATION OF TWO OR THREE MEMBERS ACTED UPON Ei 
COPLANAR LOADS OR COUPLES, YOU WILL BE ABLE TO FIND THE 
STATIC EQUILIBRIUM POSITION OF THE SYSTEM USING THE PRINCIPLE 
OF VIRTUAL WORK. 

Introduction 

In your work in equilibrium in the previous units, you have been concerned with 
finding the reactions on stationary engineering members using the par-all elogram law in 
its force and moment equation tis. In this unit you will learn how to find the 
equilibrium position for a system that is acted upon by external loads. To find this 
equilibrium position, active-force diagrams, displacements, and work relationships will 
be used in place of free-body diagrams with force and mc^nt equations. 
Work 




Weight W in figure W 1 is resting in position 1 on collars A and B. C and D are 
frictionless vertical guides. Next a load L is gradually applied to block W through 
the frictionless connection E in the direction shewn. L is increased until weight W is 
being held in position 1, at this time load L beccmes constant. Then L is pulled until 
block W moves with no acceleration to position 2 as shown in (b). Weight W has now been 
moved through the vertical distance h. 

V W 



VIA/ 

V.lior. weight W is moved a vertical distance h, it is said that work has been done or. 
Iv. The magnitude of this work is (W)(h). W ^s in lb and h in inches, so the units for 
work cire in - lb. 

The work to raise W was done by load L. In other words pulling in the direction -^t 
L with a forx:e field FF will give the work equal to (W)(h). Uiis work wa.> done by rr v" ^ r 
r'^virig fiXDm I to 2. It is found from experinaentHtion that if L is measured, roi: la^^od Iv 
rr an<J then r, then (F cos Q )(h) is equal to (W)(h). That is the work done ly L 
vertically a distance h is (F cos G )(h). It is also found from experimentation that '.a 
is not a vector quantity but is a scalar quantity, so when work equations are used, ail 
the manipulations of real numbers can be used. This means that worF quantities have s:rr.? 
and cari be added or multiplied using real number manipulations. 

It is easy to confuse effort with work. For instance as L is gradually ir^.ci-^ase^: 
until weight W is not supported by the collars, effort must be applied to E, but nc v^r-^ 
is done. Effort is needed to simply hold the weight. Now as L is pulled until V. is i"^ 
position 2, the effort of F sin © does no work. Also as Q is varied, the effort needed 
to raise weight W varies. With a large Q much more effort is needed than with a srall S. 




A 3-D drawing figure VW 2(a) shows a ring held in equilibrium in a horizontal 
position by loads SI, S3, and SU. A plan view of the ring is drawn next (b). Now the 
whole system is displaced in (b) a distance to the right fron the original position 
1 to position 2 while keeping the ring in equilibrium with SI, S3, and SU. Distance s r 
is on the order of dx and is called a virtual displacement. 

The work dcuc; by FF^ during displacement is (F^ cos S, ){%^) or (F^^^ )( 5» ^ ), 
this will be called positive work. Notice that F^^ does no work during the fx displacement. 
The work done by FF^ when displaced is (F^^ cos Q^X^X) or (F^^jXSX) and is also positive. 
Now FF^ acts toward the left and is displaced to the right. The work done by the horizontal 
force field FF, during displacement SX^ is (-F, cos Q^X^X) or - (F, X^X ). 



You knav the cystem is in equilibrium whether at rest at 1, moving with no acceleration 
between 1 and' 2, or at rest at 2. So 2F = 0 for the syston and the sum of the horizontal 



X 



r + F 

^3H UH 



^1H= Q 



compone.ts equals 0 for the system. 

Multiplying each term by S% gives {Y^y){^K) + (Fj^^)(S;?:) - ^^^^^^ ^ = ^ 
This states that the work done by the three loads during the virtual displacement 
is zero. 




Now in (c) the ring is kept in equilibrium and displaced a vertical displacement 65 
up/;ard. FF^ does work of (F^^)!^^), FF^^ of - (F^^^)(85), and FF^ does work ol 

T^^(Sy) - zero work. 
Using £Fy = 0 F3^ - F^^^ ^iv = ° 

Multiplying by ^^^y^^^i^ ^ " (^uv^^^^^ ^ ^ ^^IV^^^i^ ^ = ° 

This states that the work done by the tliree loads during a virtual displacement Sij = 0. 

The riiig could be displaced while in equilibrium through, any virtual displacement 
in any direction and the work done would be zero. 

in figure VW 3, the ring is disr"'aced through a small angle SG wliich is on 
the order of dG . The work done by eacn point force when the ring is rotated through 
h O will be found. 

First the work done by F^ when it is rotated through SB will be found. Line a (solid) 
is drawn fron P to F^ at position 1. Tlien the ring is rotated through S6 to position 2. 
Line a' (dotted) is then drawn. Next is replaced by A and B where A is parallel to line 
a and B is perpendicular to line a. For a small 58 chord aS^ is equal to arc a^^. 
When F^ is rotated a small 86 from position 1 to position 2, A does no work. The only 
work done is (B)(a.5Q). But aB is the moment of F^ with respect to point P, so the 



work done is (aB)(Se ) = (R, p) (86 ), 

SiJiiilarily F^ does work of (-C)(b 50 ) = (Mp p)( S0 ), 



1/' 



And 



Fo does work of (-E)(c SO ) = (M^ p)( S ^ ) 

2 



'Ilit^Gc ar^e all virtual v;ork quantities as is a vijrtual rotation 

:Ance 
to eive 



Z.Mp = 0 for the system while in equilibrium, correct signs ean be used 



3/ 



M. 



M =0 



'Mliiplying by S6 , (NL p)(Se) - (M.. p)(^e) 



3/' 



(M^ )(se) 



'.I' is states that when a body in equilibriiim under the action of external loads i? .iisi^la 
t^ux)ugn a virtual angle S6 , the work dona by the external loads is zero. 

ijooking back at the derivation, you can see whtj SG must be on the order ^: 6 . 
50 irust be smll enough so that the pliysicai peonetr^' remains constant when 59 taJ-e 
.•M'.X'. 'Ilie work done during a virtual displacement, either ti^aiislation or rx^tatior., if 
'-a: \irtudl wor'k -tnd written SU* 
liow a principle can be stated. When a body is acted upon by external loads and is 
in equiiibriam, xhe extra external work needed to give the body a virtual displacement 
i" .:erc. Or stated another way, if a body is in equilibrium under the action of external 

i!'^ and is displaced a virtual displacement, the external loads do no vjorK., Tliis is 
^ tiled the principle of virtual work and is written &C= 0. 

iq.ulilTiun Position of a Single Member Actei.! Upon by Coplanar Loads 





MejTi);er H in figur^e W 4(a) i:^ weightless, supports loads W and F through frict ic^nie-" 
nitection^,, and is supported at S with a frictionless pin. Hie equilibrium position ib 
to be <ieteniiined (angle G ) using the principle of virt^ial work. 

In (b) a diagram is drawn of the of M. The equilibrium position is assumed (ai^l 
■ ir. shown with the full line diagram. Now M is displaced through 66 to the dotted po^-iti 

invj' M is in equilil>rium, = o for the virtual displacement SO . TY\e onlv forces 
that do work during the virtual displacement ^6 are W and P, so only W and P are srpv.^ c 
the diagrajn. Diagr^am (b) is called an active-force diagram. 

New the work done by F during 5^ is P$ry , also during work is done by \\ - 



' 0 P €x - V\l = 0 

Hotice theft Sx ^ ISSdcosO a^^ol Sy = f SQ sinQ 

so 20(18 hO cojG) - 25^<7 5<9 j/n e; ^ O 

Dividm^ by $6 20^i8 co«8; - 25 C^f sm 0) = O 

3ohinq fot G tat^ e = ^i>^& = (20)(16) = l.A 0 = 58" 

v7 cos© (25)^^?) 





Figure. \I\N 5 

-me weightless bar B on VW 5(a) supports a 10 lb weight and is held in equilibrium 
by a horizontal push of 5 lb. The vertical and horizontal walls are frictionless. Angle 
is to be found for static equilibrium using = 0. 

The active force diagram (b) is drawn (solid line) with 6 assumed. Fmn C to D is 
labeled x, from D to A is y. Now B is given a horizontal virtual displacement i7C, this 
gives A a vertical virtual displacement $ y . 



tiouj let: i,x " d7C .,ncl Sjj <^c^ ^ Z% ^ 2y $c) ^ 0 o 

Ac >M/*,t/j5 sigin shoLOi tt^a-t as <j getJ^ lo^^,r^ ic ^c*j shorter 



T9> 



NOW IF YOU ARE GIVEN A MEMBER THAT IS IN EQUILIBRIUM 
UNDER THE ACTION OF COPLWAR LOADS, YOU SHOULD BE AJLE 
TO DETERMINE ITS EQUILIBRIUM POSITION USING THE PRINCIPLE 
OF VIRTUAL WORK WITH AN ACTIVE-FORCE DIAGRAM. 



VIA/- / 



Ljiulibrrin: rosition of a Single Member A c ted Upon by Loads and Couples 




Figure VW 5(a) shows a v;eightless member A loaded by weight W (25 lb) and force 
t ielJs FF^ (30 lb) and FF^ (30 lb). Angle 0 is to be found when the system is in static 
'equilibrium. Notice that FF^ and FF^ form a couple. 

Active force diagram (b) is drawn with the three loads replaced by their point forxres. 
Th(^ system is then displaced through the virtual angle S6 . Point Force F^ does work of 
(rip ;J(^^) when it is rotated through S6 . F^ does work of {VL during this 

ivtition. The total work done by F, and F^ during i& are (Mp n + d)(S6 ). M + 

* V , i-^ ^I'J^i ^'-^ th'? moment uf the couple toriiied by F^ and F^ with respect to P. 'Hiis 
;^* Uso the m^wnl of the couple with respect to any point. It can be said then that wiien 
tl.o couple is rotated through a virtual rotation an|:le, the virtual work done is (M,J 
i^O) or (C)(S^ ). It can also be deduced that when a couple is translated through a 
stniight line tx-^anslation S^, it does no work as the work done by one of the forces v;ou]d 
l">e ecjual and opposite to the work done by the other force. 

Now active-force diagram (c) is drawn with load W and couple C. The system is in 
equilibrium and is again rotated through id . llie couple does negative work against tlie 
rotation. #v 

SU ■- 0 - CS6 + W S tj" = 0 

500 
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(c) 



Sloping member A in figure VW 7(a) is loaded as shown. The floor and wall are 
frictionless and angle 9 is to be found when the system is in static equilibrium. 

Active-force diagram (b) is drawn with an assumed 8 . Now if the 20 lb force is 
given a %x to the .left at B, the bar at D will rise a Sc/ . The virtual dist.-'jices the 
20 and 15 lb point forces move can be found, but the virtual angle through which the 
coupi- rotates is not known. A new technique will be developed to find this S6 . 

The new technique is shewn on the active-force diagram (c). This tijne the bar is 
first given a horizontal displacement as shown. Then the bar is rx^tated about B 
•iiitil it matches the position of the dashed bar in (b). During the S% displacement 
the 20 lb force does work of 20S;«:. During the rctation the 15 lb force does work of 
15^y and the couple does work of 10065. 

su^o ^c$p^ f isicj t loose = o 

From th^ ^eo»^ctrij, 4^= SO b6 ^inO ancf %>y = ^0 S6 cosS 
20(60 SQ Sine) - 15(-^0 Se COS0) + 100 iQ = O 
iO sine - 6 cose 1 = O 

iO£>ine ~ eH - iin^Q ^ 1 = Q 

do Sine :lf = (6 U - )^ 
lOOim'S aOsinO +- 1 ' 36(1- sin^Q) 



Sine - ^o'^yvr/3A)r?;^) 

2^36; = 



NOW IF YOU ARE GIVEN A SINGLE MEMBER IN EQUILIBRIL'M 
UNDER THE ACTION OF LOADS AND COUPLES, YOU SHOULD BE 
ABLE TO FIND ITS EQUILIBRIUM K)SmON USING THE 
PRINCIPLE OF VIRTUAL WORK. 



Vl/l/ ■ ^ 
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^ Fc'Jilibri'gT. Positions Detenrdned for a System of Connected Members 



30 





The two blocks in figure VW 8(a) are in static equilibrium. The equilibrium 
position of the system is to be determined using SU«0. In (b) an active-force diagram 
is drawn with assurod. The length of the weightless rope is such that angle oc is 
80^ in (b). Angle 6^ will be found. 

First for each weight the tangential conponent is found in terms of W. 

Wr, = %cose^ 30 COB Q, ]Nt^ = SO cos 

The stjS-ieym nouj </t^ f?/i:ice^ through SB> 

*hu ^ 0 "^r^r^e r )Nr^r$e ^ 0 "30 cos 0, ^ 50 SO <o<> r SO ^ 0 

30 <rc>s -r so COS ^ o 

Also f SO'' i- 6^ ISO* 6^ =■ 100'' ' Oi 

5uh$t itotti^^ ^ 'SOcosB^ ^ SO cosdOQ' ' O 

'30 cos 0^ f SO [cos 100^ CCS ^ i>iin iOC 5l^^ ejj = 0 

Three frictionless links in figure VW 9(a) weigh as shown. The three angles 
6,,^ and 6^ are to be found when the 10 3b horizontal load is applied. 

First active-force diagram (b) is drawn for link A and angle is found. It is 
assumed that the 5 lb point force acts through the center of the link. 

Now active-force diagram (c) is drawn with links B and A joined with frictionless 
pin D. Link B is given a virtual displacement %Q . Remember that link A has a kna//n 
equilibrium angle 3^ with a vertical line. This angle will not change during the virtual 
displacement S6 . 

Angle 0, can be found with active-force diagram (d). This time when the system is 
displaced through ^9 , angles 6^ and 6ii remain constant with a vertical line. 



BU'-O 



(b) 



10 



-0 



= se.7 




Cb) 



(a I /O ~ •i'^j - 65cj - 7 Jy/g :o 



3 ' 



^2 ,- CS ' 





/IV io 

hU ^ O Stj - lOhx = o 

l^Oticc that K= -VOcosB and . S-O 

ta^d - (i6Ks)/Cio)m) =2 a - 65-^° 

The 16 lb weight in figure VW 10(a) is being held in equilibrium by a horizont.il 

10 lb push. The equilibrium angle 6 is to be found when the dijuensions are as sha-m 
on the active- force diagram (b). 

As always angle 6 is assumed to be the equilibrium angle and the system is given a sa. 

NOW IF YOU ARE GIVEN A SYSTEM OF IV« OR THREE 
MEMBERS IN EQUILIBRIUM, YOU SHOULD BE ABLE TO 
FIND TfE EQUILIBRIUM POSITON OF THE SYSTEM 

USING VIRTUittJ. WORK. VW - 3 
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UNIT 14 



BEAM DIAGRAMS 

GIVEN A BEAM SUPPORTING TRANSVERSE LOADS, AT THE END OF 
THIS UNIT YOU WILL BE ABLE TO CC^STRUCT LOAD, SHEAR, AND 
BENDING MDMENT DIAGRAMS FOR THE BEAM. 

I ntroduction 

The structural members labeled B in figure BD 1 are called beams. Beams are generally 
long, slender nerabers used for sipporting loads that are transverse to their ^.'s. Each of 
the beams shewn below will be analyzed in this unit for the external reactions at its con- 
straints and for the internal reactions on any vertical section of the beam. 




Figure BD 1 

BD 



BD 

Uniformly Loaded Beans 

The first beam to be analyzed in this unit is shewn in figure BD 2(a). The reactions at 
its sipports will be found, then internal reactions will be found for any vertical section of 
the beam. The beam is assured to be weightless. 

To find the reactions, F-B diagram (b) is drawn. The larger block weighs (15)(8) 
(10)(.l) = 120 lb, the smaller one (6)(8)(5)(.l) = 2U lb. Each block is replaced in (b) 
by its force field which is assurod to be evenly distributed. It is further assumed that 
the 6 inch and 8 inch sqjports have evenly distributed force fields. The magnitudes of 
FF^ and FF^^ will be found by replacing each force field with its point force resultant 
and finding the resultants using moment equations. 
ZMp = 0 (19X120) . (49)(24) = (36)(F3) 2 = 0 (^^^^^U) . (36)(F,) = (17)(120) 

U 3 p „ no 

gives F3 i\ -- 96 lb ^ - 

Now an imaginary vertical section is to be exposed 19 inches frw. the left end. A F-B 
diagrm is dxwn in figure BD 2(c) of the portion of the beam from the exposed section to tiie 
left end of the beam. You have learned in the development of a cantilever beam that the force 
fields that act on the exposed section must balance the acting force fields on the rest of the 
beam, that is FF3 and FF^ must balance H', and FF^. fF^ = 1/8 of FF^ = (1/8)(120) = 15 lb. 

The resultant of FF^^ and FF^ is R where R = 48 - 15 = 33 lb*- 

in addition the norrent of R equals the sum of the norrents of FF, and FF, with respect to 
the exposed section. -(d)(33) = +(.5)(15) - (16)(U8) 

■ 'V^/S * ^^^/S d = 23.05 inches to the left of the exposed surface. 

For equilibrium to be maintained, this 33 lb force must be balanced by the resultants of 
FF and FFg acting at the exposed surface . Remember from the cantilever development that the 
fo^ fields on an exposed section varj from zero at the neutral axis to a naximum at the top 
and bottom, the two for^ fields must be equal, they are triangular in shape, their resultants 
pass thrx3Ugh their effective centers, and their resultants balance the acting loads' resultant. 

FF^, F^, FFg, and Fg can now be drawn with their correct directions in (c). 

Now in (d) the point force resultants are drawn c i the exposed surface. In (e) they 
ar^ replaced by vertical and horizontal coiponents, that is, A + B = F^ and D + C = Fg. 
Remember from the cantilever section that B + C = V which is called the vertical "shear, 
and A and D form a couple called the bending noment couple. V can be represented by one 
vertical point force. The couple formed by A and D has no resultant force but only a 
resultant noiient, so a curved arrow is used to represent this moment. In (f) V = B + C 
and the curved arrow F represents the bending nonent couple. The magnitudes of V and M 
can be found using F-B (c). Inagine that the F-B diagram (c) is constructed only with 
FF,, FF^, V, and M acting on it. 

ZFy = 0 ^"neutral axis ° 

V = 48 - 15 = 33 lb* M =-(.5)(15) + (16)(48) 

= 760.5 in-lb O 



I 



BD 3 

Ail duiensions in inches 

3 

For both blocks, Density = 0.1 Ub/in 




These three types of reactions will now be found for a number of vertical 



sections of the bean using F-B diagrams. 
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Beginning with a section a distance dx from the left end of the beam, 2-D 
and 3-D F-B diagrane are constructed and solved for w, V, and M in figure BD 3, 
Individual F-B diagrams axe drawn in 2-D for lei.^ths from the left end of the 
beam of 2 inches, 4 inches, 6 inches, 10 inches, etc, until the last F-B is 
of the caiplete beam* F-B diagrams of sotb of the sections are drawn in 3-D 
with their solutions worked out. 

The following sign conventions will be used for the values of w, V, and M: 
w is positive when \ , negative when \ 
V is positive when ♦ , negative v^en t 
M is positive when 3^, negative when^ 
The va3.ues of w, V, and M are in the following units: 
w is in lb/ in 



V is in lb 
M is in in- lb 



^8 



lb, 



w = _ = 8 /in 



V = wdxcO asdx— 0 
M -- wdx ^ . U as dx2 = 0 
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16 



w = 8 
V = 2(8) 
M = 1(16) 
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w - 8 

V = 6(8) = 48 
M = 3(48) = 144 
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Figure BD 3 




w = -15 

V = 48 - 3(15) = 3 
M = 18(48) - 1.5(45) 
= 864 - 67.5 = 796.5 



cn'/t> 
= -15 

= 48 - 8(15) = -72 
= 23(48) - 4(120) 
= 1104 - 480 = 62'' 
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w = 0 

V = 48 - 120 = -72 
M = 32(l^8) - 13(120) 
= 1535 - 1560 = -24 
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w = 12 

V = 48 - 120 + 6(12) = 0 
M = 38(48) - 19(120) + 3(72) 
= 182U - 2280 + 216 = -240 




w = -4 

V = 48 - 120 + 8(12) - 2(4) = 16 

M = 48(48) - 29(120) + 12(96) - 1(8) 

= 2304 - 3480 + 1152 - 8 = -32 
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Figure BD 3 



w = 0 

V = 48 - 120 + 96 - 5(4) = 0 
M = 57(48) - 38(120) + 21(95) - 8(24) 
= 2736 - 4560 + 2016 = 192 = 0 



w, V, and M for each exposed vertical beam section 

will now be plotted as ordinates vs the beam lengths as 

abscissas using the established sign conventions of 
+ w|^ , + Vt,and+MO. 
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Figure BD 4 
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Figure BD 4 is now drawn. The beam length is laid out to scale horizontally in @ 7 
then vertical lines a and b are drawn. Next a base line c is drawn and the force fields from 
the F-B diagram of the entire beam ar^ drawn in © • This will be called the F-B diagram. 

Next a base line d is drawn and the values of w fron the F-B diagrams in BD 3 are plotted 
to scale vs the length x from the left end to give curve 0 . 

Base line e is then drawn and the V values from the F-B diagrams in BD 3 are plotted to 
scale to form curve 0 , 

Next on the f base line the values of M are plotted for each of the F-B diagrams to 
give curve (s) . 

The curves in BD 4 will now oe analyzed. First the thiee curves will be compared in the 

region where x varies fran 0 to 6 inches from the left end of the beam. Looking at curve (2) 

you can see that w is a straight line since w = 8 lb/in for any value of x. The V cuiA/e 

48 

between 0 and 6 inches also forro a straight line with the equation V = 0+ mx=0 + -^x = 
8x lb. For M between 0 and 6 inches, M = 0 when x = 0, 16 when x = 2, 64 when x = 4, and 144 
when X = 6. 

The equation for w (from x = 0 to x = 6) is w = 8, and V (x = 0 to x = 6) is V = 8x. 
Conparing them V = 8x is the integral of w from x = 0 to x = 6 written 

8x 



' V = f wdx = J 8dx = 8 Jdx 



Now try integrating the V curve and see if 't matches the answers tvom the F-B diagrams 

for M. ^ , fv^^ ^ r8xdx ~ r iix^ 

When x=OM = 0 *^ J ^ 

y = ? M = 4v^ - Ifi 

2 All calculated values fron the F-B diagrams 

X = 4 M = 4x = 64 check with those found by the integration 

X = 6 M = 4x2 = li;4 "^^^o^- 

Between x = 0 and x = 6 the w, V, and M curves are related to each other as 

V = J*wdx and M = J*^*^^ " " 3^ ^ " ^ 

In other words the V curve is the integral (area under) the w curve, the M curve is 
the integral (area under) the V curve, the w curve is the derivative (slope) of the V curve, 
and the V curve is the derivative (slope) of the M curve. 

Letting x = 0 at 6 inches, the three curves from 6 inches to 18 inches (now x goes from 
0 to 12) relate as w = 0 V = 48 M = 144 + 48x . 

All the equations are now placed on the diagram in figure BD 4. You should be able to 

verify all the rest of the equations. 

This set of curves, that is w vs x, V vs x, and M vs x, is called a set of beam curves 
or beam diagraire. It is a single diagram that shows the values of w, V, and M for all sec- 
tions of the beam. 

The relationships between the curves are sometimes referred to as laws. If the w curve 
is called a lower curve, V is the next higher curve relative to w, and M is the next higher 
curve relative to V. 

Law #1 ; The length of the ordinate at any point on any curve is equal to the slope of 
the next higher curve at the same corresponding point. 

Law #2: Between any two ordinates on any lower curve, the area underneath the curve is 
equal to the change in length of the ordinates on the next higher curve, between the same 
ooiTrespondinr ordinates* 
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A section of the beam 21 inches from the left end and dx long has been drawn in a 3-D 
F-B diagram in figure BD 5. Relationships will be derived between w, V, and M on this F-B. 

On the left face of the section V = 3 lb and acts iq)ward. 
M = 796.5 in-lb and acts clockwise and w = 15 lb/in and acts 
downward. On the right face w still is 15 lb/ in acting downward. 
V acts dovmward and is 3 lb minus sore dV as x increases. V can 
therefore be drawn on the right face of the section as V - dV. 
M is counterclockwise and equals 796.5 in-lb plus some dM, so it 
can be placed on the diagram as M + dM. 

ZM , ^ ^ =0 - M - Vdx + (wdx)^ + M + dM = 0 
Figure BD 5 3?ight face 2 

( dx) ^ 

n \j f A \ /w ^ -Vdx + dM = 0, since w — — is negligible 

0 V - (wdx) - (V - dV) = 0 wdx = dV 2 ^ ^ 

dV dM 
w = ^ or wdx = dV or V = wdx ^ ' dx = dM or M = Vdx 

These are the sane equations that were developed using the F-B diagram approach. 
Knowing how the w, V, and M curves are related, it is not necessary to draw F-B diagrams 
to find the reactions on any vertical surface, only a F-B diagram of the conplete beam is 
needed. The w, V, and M v urves can then be plotted from this one F-B diagram. Figure BD 6 
shows a loaded beam. Thie F-B dia^am, w, V, ^md M curves are to be plotted below the beam. 

The F-B diagram is drawn first. Reactions FF^ and FF^ are found by imagining each force 
field being replaced by its point forv:e and taking moments about each point force. The 
lengths of the force fields are not plotted to scale on the F-B diagram. 

Next the w curve is plotted using the F-B diagram. In interval 1, w = 120/12 = - 10, 
in 2 w = 0, in 3 w = 108/3 = + 36, in U w = 0 , in 5 w = 108/9 = + 12, in 6 w = 0, and in 
7 w = 96/6 = -16. The w curve need not be drawn to an exact vertical scale. Equations can 
be written for w in each interval. , 

Next the V curve can be plotted using the w curve and the two derived curve laws. V 
has a zero ordinate when x = 0. In interval 1 w has a constant negative ordinate so V has 
a constant negative slope. Also in 1 the area under the w curve ( - 10 x 12 =-120) is the 
change in the V curve so at x = 12, V = - 120- In interval 2 w = 0 so V remains constant 
at - 120. In 3 w is positive so V has a positive slope and the positive change in V is 
(3)(36) = + 108, so at X = 3 in interval 3, V = - 120 + ±08 = - 12. In 4 V is constant at 
- 12. In b V has a positive slope and V = - 12 + 108 = + 96 at x = 9. In 6 V renains 
constant. In 7 w = - 16 so V has a negative slope. The change in V in 7 is (5)(-16) = - 96 
which brings V to 0 at the free end of the beam. The V curve has units of .lbs but need not 
be drawn to an exact sca].e vertically. The equations for V for each interval are shown below. 

The M curve can now be plotted using the V curve and the t\^;o "ierived curve laws. M 
begins with a zero ordinate at x = 0. In interval 1 V has a negative increasing ordinate, 
so M must have a negative increasing slope. The area under the M curve in 1 is (-12) (120) 
12 = -720 so M = -720 at x = 12. In 2 V has a constant negative ordinate so M has a constant 
negative slope, also the area under ::he V cuive is (5) (-120) = - 600 so at x = 5 in 2 
M = - 720 - 600 = - 1310. In 3 V has a negative decreasing ordinate so M has a negative 



. . BD 

decreasing slope. At the beginning of 3 M has a 
negative slope of - 120 , at the end M has a slope 
of - 12. The ordinate of M at the end of 3 is 

- 1320 - 198 = - 1518* In 4 V has a constant 
negative ordinate so M has a constant negative 
slope. Atx=9in4M= - 1518 - 108 = -1626. 

V has a negative ordinate at the beginning 

of 5, the orxiinate becomes 0 and equals 96 at 

the end of 5. The M curve in 5 begins with a 

negative slope, decreases to a zero slope, and 

then increases to a positive slope of 96. The 

best way to find the ordinate for M at x = 9 in 

interval 5 is to write the equation for V (V = 

-12 + 12x), then integrate it to get M (M = -1626 
2 

- 12x + 6x ) and set x = 9. This gives M = 
-12U8 at X = 9. 

In 6 V is positive so M is positive and = -1248 
+ (96)(10) = - 288 at X = 10. In 7 V has a constantly 
decreasing positive ordinate so M has a constantly 
decreasing positive slope. At x = 6 in 7 M = -288 
+ (96) (6) 12 = 0. This checks as M must equal ze-^:> 
at the free end of the beam. Again M has units of 
in-lb and need not be plotted to scale. All t^le 
equations for M can be found by integrating the 
appropriate V curves. 

To find the maximum value of M in interval 5, 



DENSITY 



0.2 ^^/IN^ 



set V = -12 + 12x 
= - 1626 - 12(1) + 6 (1) 



0 and get x 

2 



1. 

- 1632. 



Then M. 



max 



Shear and bending moment equations. 

1 V = - IQx M = -5x^ 

2 V = - 120 M = -720 - 120x 

3 V = - 120 + 36x M = -1320 + 18x^ - 120x 
^ V = - 12 M = -1518 - 12>: 

5 V - 12 + 12x M = -1626 + 6x^ - 12x 

6 V = 96 M = -1248 -i- 96x 

7 V = + 96 - 16x M = -288 - 8x^ + 96x 

AT THIS POIMl , IF YOU ARE GIVEN A 3-D DIAGRAM 
OF A BEAM LOADED WITH UNIFORM LOADS AND SUPPORTED 
AT TWO SUPPORTS WHICH ALSO HAVE UNIFORM LOADING, 
YOU SHOULD BE A.NLE TO CONSTRUCT THE 2-D F-B 
DIAGRAM AND THE w, V, AND M CURVES FOR THE BEAM. 
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Figure BD 6 
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Figure BD 7 




Beans with Idealized Point Forces and Point Couples 

In figure BD 7, F-B 1 is the F-B diagram of the 
given beam showing the distributed loads that act on the 
beam. The w, V, and M curves that show the reactions 
occurring on any cut section of the beam are constructed 
as before. It is sometimes convenient to replace the 
distributed loads with point forces as shewn in F-B 2. 
To illustrate this in figure BD 7 the w, V, and M curves 
derived from F-B 2 are supeiijiposed on the curves from 
F-B 1. The curves derived fran F-B 1 (distributed loads) 
are constructed with solid lines, and those from F-B 2 
(point forces) are constructed with dotted lines. 

The construction of the dotted w, V, and M curves 
will now be explained. Since there are no distributed 
loads in F-B 2, w = 0 over the entire length of the beam. 
(This makes sense, since a point force on the F-B dia- 
gram would have to be plotted as an infinitely tcill and 
vanishingly narrow area on the w curve.) 

Since w = 0 for F-B 2* it is necessary to develop a 
new technique to draw the V curve. Starting frcxn the 
left end of the beam, V = 0 for 2 - Ax inches, since 
there are no loads on the beam in this interval* Then at 
X = 2 + Ax inches, V = 12 lb acting downward, which is 
positive on the V curve, V continues to be equal to a 
positive 12 lb until x = 12 - Ax inches. At x = 12 
+ Ax inches, the application of the point force F^ from 
F-B 2 causes V to become equal to 12 lb acting upward, 
so V = -12 lb, V remains constant at this magnitude 
until X = 22 - Ax inches. In the interval between 
X = 22 + Ax inches and the end of the beam at x = 2U 
inches, V = 0, To visualize this method of drawing the 
V curve for F-B 2, imagine that F-B diagrams are drawn 
of 'veam sections just to the left and just to the right 
of a point force load. The two isometric drawings below 
shaA? hew V changes between x = 12 - Ax inches and 
X = 12 + Ax inches. 

Actually, the V curve is discontinuous at each point 
force, and is plotted Ax to the left and /^xto the right 
of a point force. This results in a vertical change in 
the V curve equal to the magnitude of the point force in 
the F-B diagram, as indicated by tl*c connecting lines 
between F-B 2 and the dashed V curve in figure BD 7, 
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Figure BD 8 




Once the V curve for F-B 2 has been found, it can 
be integrated to find the corresponding M curve, just as 
the w curve for F-B 1 is integrated to find its corres- 
jxDnding V curve. Conparison of the noment curves for 
F-B 1 and F-B 2 indicates that a point force approxiina- 
tion of the loads causes only slight changes in the M 
curve. The critical intervals on the M curves are mag- 
nified below to show the differences between the two 
curves. 

Figure BD 8 shows another beam for which the w, V, 
and M curv'es derived fron a F-B diagram showing the 
point force resultants of the loads will be superimposed 
on the curves fron a F-B diagram shewing the distributed 
loads on the beam. 

F-B 1 is the F-B diagram showing the distributed 
loads on the beam in figure BD 8. The w, V, and M 
curves derived fron it are constructed with solid lines 
using the methods developed in previous examples. F-B 2 
shows the point force resultants of these loads, and the 
curves frc^ it are constructed with dotted lines. 
Notice that the point force resultants of FF^ and FF^ 
ar^ replaced by a point couple on F-B 2. The w and V 
curves for F-B 2 are drawn with the same techniques used 
in figure BD 7. The point couple has no effect on 
either the w curve or the V curve. 

The M curve for F-B 2 is plotted with a technique 
similar to that used for plotting a V curve in the inter- 
val around a point force , between x = 0 inches and 
X = 12 - inches, the M curve is the integral of the 
V curve, just as it has been in previous exanples. How- 
ever between x = 12 - inches and x = 12 + A^ 
inches, the M curve undergoes a sudden increase equal to 
the magnitude of the point couple in F-B 2. Between 
X = 12 + Ax inches and the end of the beam at x = 24 
inches, the M curve is again equal to the integral of 
^^"^ the V curve. The discontinuity in the M curve at x = 12 
inches can be explained by imagining that F-B drawings 
ar^ drawn of sections of the beam just to the left and 
120**"^^ just to the riglit of the point of application of the 
couple in F-B 2 as shown in the isometric drawings 
below. The ordinate change on tine M curve is not 
C = 120 Ib-in acting ^ , but is a couple of 120 Ib-in 
acting h that is suddenly needed to keep the second 
isoretric F-B in equilibrium, this is a positive change. 




It is frequently necessary to analyze beams 
that are loaded both by distributed loads and loads 
that can be approximated with point forces and 
point couples. The follcwing two exarrples demon- 
strate how w, V, and M curves for such beams are to 
be drawn. 

Figure BD 10 shows the w, V, and M curves for 
a cantilever beam. The hanging weight is represen- 
ted by a point force on the F-B diagram, and the 
two blocks are represented by distributed loads. 
The beam itself is considered to be weightless. 

To find the reactions at the left end of the 
beam, it is necessary to mentally represent and 
W^, the wei^ts of the blocks, with their point 
force resultants, as shown on the F-B diagram in 
Figare BD 10. These dotted point forces on the 
F-B are used only to find reactions.. 

EM, ^ = 0 M = -^6(9) + 21(12) ^ 23(8) 

left end 1 

- +U90 in-lb 

Z Fy = 0 = 9 + 12 + 8 

= 29 lb 

To construct the w curve, it is necessary to 
remember that the shape of a distributed load is 
the same as the shape of the block that causes it. 
Since the block on the left is triangular, this 
neans that the w curve must be triangular in the 
interval between x = 3 inches and x = 12 inches 
from tb3 left end of the beam. At x = 3 
w = (9)(U)(5)(.l) /9 = 2 lb/in, at x = 12 

2 

w = 0, so between x = 3 and x = 12 w = -2 + g-x. 

The initial ordinate on the V curve is not the 
29 lb point force acting \ , but is a 29 Ib^ point 
force that balances it on a F-B diagram so » must be 
29 lb I . The initial ordinate on the M curve is 
not 490 in-lb acting , but H90 in-lb acting ^ , 
so it is negative. 




^ In the F--B diagram of the beam shown in 13 
D£^S/rr= 0.4 /^^ figure BD 11, the left-hand reaction is represented 
I by an evenly distributed force field and the right- 

hand reaction is represented by a point force re- 
sultant since the roller causes a line force field 
to act on the beam. The wei^t of the block is dis- 
5^ tributed over its contact area as shown in the F-B 
^ diagram. The hanging weight is assumed to cause a 
45 lb point force and a 4(45) = 180 in-lb point 
coi^le, both acting 2 inches from the right end of 
the beam. 

Once the F-B diagram has been established, 
the w, V, and M curves can be drawn using the tech- 
niques developed in previous exanples. 

Most of the time the curves are used to find 
the maximum shear and maximum bending moment. 

The maximum value of the vertical shear can be 
found by inspection. It is - 151 lb in interval 5, 
It is not - 151 + 48, 

The maximum value of M is either in interval 4 
or - 270 in-lb at the end of interval 5. In 
interval 4 

w = - 6 - 2x 
V = 63 - 6x - x^ 
M = 260 + 63x - 3x^ - 
Setting V = 0 gives x or V 
gives X = ^. ^ inches. 

M = 260 + 63x - 3x^ - x^/3 when x =5.5 inches 
nax 

= ^^-S.-^in-Ib. 



X /3 

^ 63 - 6x 



NOW IF YOU ARE GIVEN AN ISOMCTRIC DRAWING 
OF A LOAIED CANTILEVER OR A SIMPLY SUP- 
PORTED BEAM, YOU SHOULD BE ABLE TO CON- 
STRUCT w, V, AND M CURVES FOR THE BEAM. 
YOU SHOULD BE ABLE TO DRAW THESE CURVES 
FOR DISTRIBUTED LOADS, IKIALIZED POINT 
FORCES, OR POINT COUPLES- BD - 2 
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